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ABSTRACT

This thesis describes a program which was written
for the TX~-0 computer to play the game of Qubic. The
game 1s a three dimensional form of Tic-Tac-Toe with
four squares on each side. The éame is finite but at
present unsolvable, as about 1025 different games are
shown to exist.

The program uses rather standard lookahead and
evaluation techniques, but employs a foréing lookahead
to a depth of 12 to detect winning positions. This
strategy is a major factor in the program's success.

A system of "opponent analysis" 1s also used In
which the program is able to distingulsh between diff-
erent human plavers. The program will drastically
modify 1ts line of play in each game by consulting a
- precord of the results of previous games against thils
opponent. Over a hundred games were recorded with
the machine winning over 80%.

Appendices include: a discussion of symmetry and
a derivation of all symmetries of the game; a calcul-
ation of the total number of possible positions and
possible games; a mathematical description of the game
as employed in the program; a disc¢usslon of forcing
win situations and a description of all "three in a
plane” possibilities; and a move by move analysis of
several actual games. ‘

Thesis Supervisor: Dean Norman Arden
Title:Assoclate Profescor of Electrical Engineering
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I. History of the Problem

wWith the development of high speed electronic computers
in the last ten years, a great deal of work has been done
programming these computers to play various types of games.
A major reason for the interest in this work is the fact
that the computation involved is symbollc rather than
numeric. Games provide a good vehicle for the study of
symbolic computation since they have a system of rules for
the computation to follow and a well defined goal which allows
an evaluation of the effectiveness of the process and a com-
parison of the corresponding effectiveness of human players.

Much of this work has centered around the class of
finite, ro chance, perfect information games. The char-
acteristics of these games are:
a) There is a definite rule for defining the "er.d" of the
game. Thils end must be reached after a finite number of
moves and the "result" of the game must then be obtainable.
b) There are no-decisions in the game which are determined
by chance, no rolls of dice, etc.
c) ﬂeithef player can conceal anything about decisions he
has already made. Each player has pertfect information about
the state of the game to date.

¥any programs have beer written to play such trivial
games as Nim and Tic-Tac-Toe, but most of the important
work has been on the games of chessl-6 and checl«cer:s.v-8
The general pattern for most of this work was first advanced
by Wiener and Shannon in the late forties. The rost success-
ful operating program to date is probably the one by Samuel

which plays checkers.8



II. General Strategies

Nearly all of the strategles which have been developed
for this type of game center around two 5asic techniques,
lookahead and position evaluation. The technique of look-
ahead is essentially the generation of some portion of the
total move tree which starts at the present position. In
its pure form the lookahead would run to the end of the
game, and the best move for the present position could
then be determined by a process of "minimax", where it is
assumed that the opponent will choose among his altermative
moves so as to "minimize" the chance of the player's winning,
and the player will choose among his moves so as to "maximize"
his chance of winning.

In a simpie game like Tic~Tac-Toe it 1s easy to see
how this process could be carried to the extreme, and
programs have been written to play Tic=-Tac-Toe in exactly
this manner. As the game becomes more complicated, however,
the amount of computation involved increases rapidly, and
soon becomes completely impractical for present day cOmhuting
devices.‘ Samuel has estimated that in checkers, for’instanée,
a machine investigating moves at the rate of three hundred

1 centuries to

8

million per second would still reduire 102
complete the lookahead from the first move.

To solve this problem the technique of position eval-
uation has been used to reduce the size of the move tree
Investigated. Position evaluation 1is usually some type of
relationship which allows a glven position to be assigned
a numerical &alue which is approximately proportional to

the probability of eventually winning the game, given
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imperfect but nearly equal play by the two opponents during
the remainder of the game. |

Position- evdluation formulas take one of two forms,
an equatlon type of relationship or a table listing. To
contrast the two methods consider the gares of Nim and
Tic-Tac-Toe. In Nim a simple formula exists for counting
the rumber of pleces in each row and then comparing these
sums to determine 1if the position is "wirning" or "losing".
The program need only try all possible immediate moves and
apply the formula to the position generated. As soon as a
"losing" position 1is detected the program can make the move
which generated it, since the resulting position will be
"losing" for the opponent. If none of the possible moves
result in a losing position, however, then the present
positlon must be losing and it will be impossible for the
program to make a move which will insure a win. In this
case the program should piék the move which will make it
"hardest" for the opponent to win, but this may be hard
to define and will be discussed later.

In Tilc-Tac-Toe the total number of possible board
positions 1s small enough that the entire move tree could
first be calculated and then worked through from the end,
as suggested by Bellman,9 so that each position could be
classified as winning, losing, or drawn. - The program could
then proceed as above, but would now look up the resulting
board position in the table rather than use a forrula to
determine its value. This process could be carried out
for the entire game before play started and the best possible
move stored with each position rather than 1ts value. Now

the program need only look up the present position and make
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the indicated move.

In a more complicated game the perfect formula is not
avallable nor is it practical to list all possible board
positions which may be encountered. In this situation it
1s necessary to approximate the perfect formula in some
way, usually a linear sum of some abstract properties of
the'game which are believed to define a "good" position.
Samuel has produced some interesting results by letting
his pfogram choose the quantities to be used in the sum
and modify the coefficients by which they are multiplied
as a function of the success of the program. In another
program, he was able to combine the two forms by saving
the evaluations which had been made of encountered positions
through the lookahead and minimax process.8

The most important factor in making a system of
remembering specific board positions work is the way in
which they are stored. If the entire memory of poéitions
must be searched each time the table 1s consulted, the
amouﬁ% of time per move will become excessive, long before
a sufficlent number of positions are collected. One way
to éet up an efficlent storage system is to define several
properties of positions and use fhese values as "addresses".
A typlcal set of these properties for Qubic might be the
number of pleces on the board, number of piéces in the 16
core squares, and number of two iIn a row, Values for these
parameters could be calculated quite easlily and could even
be updated along with the state of the board as moves were
made. If the range of each of these values was only ter,
the search time would be reduced by a factor of about 10°%.

The actual system of such addressing must depend mainly
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on the machine, the game, and the ingenulity of the prograﬁmer.
In order to use these techniques, however, it is necessary
to have some sort of high volume, medium speed memory, such
as magnetic tape, drum, or disk.

Another valuable form of position evaluation 1s the
"move generator". Although in a specific program the move
generator routine may actually generate moves from the
present board position, it can be considered to be a simple
lookahead of all possible moves and then the application of a
rough evaluation formula to the resulting positions. This
evaluation will define some subset of the set of all possible
moves which are "better" than the rest and are worth examining
in mbére:detall by the general lookahead routine. Thils allows
a great deal of computational time which would be wasted on
the exploration of bad moves to be used in looking farther
ahead on promising or dangerous situations.

The decision as to exactly how many moves, or "plys",
the lookahead should go before the poslition evaluation formula
is used, is a very critical parameter in the performance of>
the program. Shannon has pointed out the danger of applying
an évaluation formula to a position which is not quiescent,
where a trade is in progress or where forcing moves exist.l
The best technique seems to be a dynamic décision in which
another type of evaluation is made to determine if the
direction of play 1is not promising and should be discon-
tinued or if the present position is one of transient
nature and the lookahead must continue farther in order
to determine the actual value. This involves following
forcing situations to great depth than normal play, but

this 1s not too costly since the replies of the opponent
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are gquite limited and the size of the tree does not grow
rapidly.

This suggests another interesting techniqﬁe, that of
forcing lookahead. A move generation routine 1is used which
generateé onlj foreing or near forcing moves, and these moves
are followed to much greater depth than would be possible
in a normal lookahead, since the number of moves to be inves-
tigated will be smaller and the replies of the opponent qulte
limited. In some situations 1t may be possible to allow
the depth to be the end of the game, or some very large
maximum such as 15 or 20, when normal depth limits would

run from three to six.
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III. The Strategies Employed

From the numbers calculated in Appendlx Two, 1026
different board positions and 1024 4ifferent games, it
is clearly impossible to solve the game by calculating
the entire move tree from any point or by calculating
the entire move tree once and saving an evaluation of every
position. 1In order to develop some good strategles, it
1s interesting to follow the philosophical concept of |
Dynamic Frogramming and consider the possible ways the
game can end.

An "intelligent" end of the game must come when one
of the players can pick a square in such a manner as to
generate a three to nothing situation on two different
lines, of which only one can be blocked. To work back
one step farther, this situation can only be reached
Intelligently if two different pairs of intersecting
lines can be developed with one move, or if a sequence
of forcing moves, generating three in a row which must
be blocked, can be executed which will result in one such
palr of lines and the move.

A simple forcing sitﬁation of this type 1s shown for
a single plane in Figure I. In the initial board position,
Figure Ia, there 1s no move for X which would develop two
three in a rows and an immediate win. Figure Ib shows
the first move by X as 23, which forces O to block at 22,
as 1n Figure Ic. This allows X to move at square 03 and
a win is assured, since O must block at both 12 and 13.

In this situation the order of X's moves is not important,

if he had moved first at 03 and then at 23 the sanme situation
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Figure I: Simple Forcing Configuration
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would have developed. This is notvalways the case, howevef,
for if O had occupied 11 as well, the move at 03 would have
allowed O to force at 13 and X would have been unalbe to
win, while 1if X had taken 23 first, the win would still have
been possible{

In most games the play seems to follow the forcing
type conclusion, ard most strategical principles which
human players employ deal with forcing situations, espec-
1ally in a particular -plane. (Although these principles'
were not used directly they are discussed in Appendix Four. )
For this reason it was decided to employ a forcing lookahead
routine which would run to great depth over all possible
three in a'row situations.

A depth of ten was used as an upper bound and-. seemed
to be sufficient, as most wins were reached at around the
six or seven level. Although the upper limit for the amount
of time this calculation could take 1is around six months,
and an actual situation was once encountered which would
have taken eight hours, the usual time 1s between ten and
twenty seconds. Since the routine was so fast 1t was made
to fun with increasing upper lirits, first one, then two,
etc., until the final limit of ten was reached. Because
of this 1t could be assured that the resulting sequence
consisted of the minimum number of moves and that all were
essential, extremely important facts when the routine is
used for defensive purposes.

The problem of what to do if no win 1s found has a
rather difficult aspect, for if we accept the principle
of only evaluating quliescent positions, it would be necessary

to use the forcing lookahead on every position which 1s
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evaluated to first determine if a win exists. It therefore
seemed most practical to go in the direction of a short
lookahead and as gcod an evaluation formula as possible.

When an evaluation formula is used to decide which
possible move 1s the "best", it 1s really only necessary
to know the change in the state of the game produced by
each, rather than the total state produced. All moves
start from an egual position, and whichever one produces
the biggest positive change in position will therefore be
the one which results In the highest total evaluation.

When a square on a particular line is chosen, that
line can have an effect on the change of the state of the
game only 1f one of the following five conditions exists:
a) A two In a row is converted to a three in a row and the
opponent will be forced to block.

b) A one iIn a row is converted to a two in a row and a
possible forcing situation 1s established.

c) A previously unoccupled line 1s developed into a one

In a row.

d) An opponent's one in a row is blocked.

e) An opponent's two in a row is blocked and one of his
possible forcing situations 1s removed.

The evaluation formula used was simply a linear sum of the
number of each type of "live" line, and the '"change" function
was therefore a linear sum of the number of each of the above
five changes produced.

In order to obtain a good set of coefficients by which
to multiply each of the parameters, a number of "machine
versus machine" and "machine versus good player" games were

conducted with different sets. The ratio of the value for



«l3-

generating a two in a row to the value for generating a ohe
in a row was found to be about (40210)8. When blocking

a two In a row or a one in a row the ratio dropped to (40:6)8.
The value of forcing when there was no possible win was quilte
low, about 1/40g the value of generating a two In a row.
These values seemed fairly accurate and were about the best
against all types of opponents. The ratlio of offense to
defense, or of generating a two lIn a row to tlocking a two

in a row, had a great effect on the guality of play, and
when describing the final coefficlents 1t is convienent to
include this ratio, r, as (r:40r:10r:6:40)8, for the order
given above.

Against good players 1t was necessary to make the
value of r about one-fourth, which made the machine play
extremely conservatively and concentrate more on defense
than offense. The main reason for this was probably that
almost all gares were played with the machine going second,
which definitely put it on the defensive. In addition the
player who has just moved is on the defnesive to the extent
that he has lost the initlative.

| The general strategy employed is to first run the
board through a procedure which checks to see 1if the game
has been won or lost, if it can be won, or if a block must
be made. The flow of this process 1s shown in Figure II
and of the complete process in Figure III. If none of
these trivial situations exists, the machine performs the
forcing lookahead to see if the game can be won. If the
game cannot be won the board 1s reversed and the lookahead
is again periformed, this time for the opponent. If a win

1s detected for the opponent the lookahead acts as a move
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Figure II: Initialize Flow
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Figure III: Strategy Flow
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generator and the final move must come from the set of moﬁes
which will block that win. A simple lookahead of one move

1s then performed over all possible moves and the previously
discussed evaluation formula is applied. The move with the
highest evaluation is then chosen and updated. The lookahead
1s again applied and,the opponent can still win the move

1s discarded and the set of possible moves is reduced to those
which will block both wins. Anothe ve 1s then gerecerated
from this set and the above processl:gted. This continues
until a move 1s found which will keep the opponent from winning
or 1t 1is found that there are no moves which will keep the
opponent from winning. The chosen move is then printed and

the machine stops and waits for the opponent's move.
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IV. Opponent Evaluation

During the discussion of general strategles 1t was
noted that when the machine finds itself in a losing pos-
1tion it should choose its next move in such a manner as
to make 1t "hardest"” the opponent to win. This problem
has previously been handled by choosing the move which made
the most improvement in the state o(xvgame, as defined
by the evaluation formula. An altefna ;-e technique will
now be considered in which the move 1s chosen on the basis
of weaknesses of the specific opponent which have been
determined by making an analysis of previous play. This
technique will also be used when a winning situation exlsts

order to develop the win as rapidly as possible, or in
a awn situation in order to have the best chance of con-
ve ng this into a win. An attempt 1s made to introduce
a mPivation into the program to win as guickly as possible
and to spend ? minimum amount of computational time to
defeat the speciflc opponent.

It is certainly possible to concelve of gulte elaborate
schémes which could be used for saving Information about a
particular player in order to determine the best approach
to take when playing against him againe Entire games might
be saved in order to obtain an estimation of how he will
react to a given situation. Most human players seem to
visuallze the gare In terms of individual planes, and an
analysis of past games could be conducted in order to see
which planes a particular player can visualize most easlly,
in order to force play into other planes and place him at

a disadvantage. Rather than bulld up such an elaborate
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system it was attempted to keep the-evaluations as simple'

as possible so that the general concept could be studied

more than the specific rating system employed.

After considering various games against different
quality opponents, it appeared that the major difference
between good and bad giayers can roughly be described as
a difference in the length of their forcing lookaheads.
Poorer players tend to "overdevelop" their position,,they
pass up situations where they could force to a win in
order to develop a more powerful situation in which the
sequence of moves is shorter and the geometry easier to
visualize. Quite often this delay will allow the muchine
to take advantage of a more complex situation and win before
t}efplayer has a chance to use the powerful situation which
he has developed. This also indicates that the average
plajer tends to undervalue the machine's position and wait
until 1t is too late to block it.

When playing agalnst this type of opponent it is
very profitable to increase the ratio of offense to def-
ense, emphasize quick development of the machine's position
at ﬁhe expense of allowing the opponent to have possible
winning situations which 1t is assumed he will not be able
to capitalize on. In order to achieve this end, four basic
parameters of the program were made functions of the opp-
onent's rating.

The actual system used consists of assigning each player,
(up to 64 players can be remembered at once), a player number
and an octal rating in the range 00 to 77.% The player 1is
allowed to choose his own initial rating and play begins.

#There 1s no theoretical upper 1limit, but no one has ever
continued to play when his rating went above 70.
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V. Results

After an initial period of debugging, the program
played several hundred games against opponents of varying
degrees of ability. One of the most Interesting results
was that no tie 'game was ever played, nor was anyone ever
encountered who had seen a legitimate tie game played. It
is not difficult to exhibit a board position which must
result in a tile, for instance if red occuples squares 00,
o6, 13, 15, 17, 23, 25, 30, 35, 36, 41, 47, 52, 53, 54,

62, 63, 64, 71, 72, and 74; and white occupies squares 02,
03, 04, 11, 12, 14, 21, 27, 32, 33, 34, 43, 45, 50, 55, 56,
60, 66, 73, 75, and 77, then the ultimate outcome of the

game must be a tle, despite the fact that each player has
made only 21 moves, since both players hold at least one
square on every line. Whether a position like thils could

be reached in an actual game with "good" play by both players
is not known. There are several lines in the above game
where a three to one situation exists and it may have been
necessary for one or both of the players to pass up a direct
win‘ln order to reach this state. There 1s a clear indication
that if the game 1s not a draw then the first player:should
win, but the strategy which would insure this has not been
founde.

In most of the games played the machine went second,
and the following results aré a representative sample of

games played against all types of opponents:

First Move Machine Won Player Vion With Rating Of
By Games % 40="77 01-37 00
Machine 19 95% 1 0 0

Player 78 78% 8 14 1



c) The machine can force to a win from the present position.
If any of these conditlons exist the machine prints out the

fact ard waits for the player's next move.





