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equilibrium base current is zero 0 However j when recombination is taken 

into account, an equilibrium base current must necessarily exist in order 

to replace the electrons lost in the base regionG For the cases just 

sited and similar ones where recomb1natiop cannot be neglected, the 

transient response of the transistor is governed b.Y the form of the 

diffusion equation given in (3). 

The effect of the recombination term, �p�/�1�:�'�p�~� in the diffusion 

equation, on the behavior of.P(x,9tl is shown in Fig. 7 for several 

different distributions of the hole density. In addition, a comparison 

is made f or each type of distribution in the figure between the ease in 

which 1:' is infinite (left-hand column in Fig. ·7) and a case in which 
p 

'r has some finite value (right-hand column in Fig. 7). 
p 

A straight line distribution of p is shown in Figo 7(a) for 

which (3) reduces to 

(29) 

. Thus" for the case in which 1:'p is infinite, the distribution remains 

constant in time since 0 pI () t is zero, according to (29)0 For the case 

in which 1:' is finite, however, the rate of change of the hole density 
p 

is negative everywhere in X.1 according to (29 ) a and the hole density 

distribution is seen to decay with time. It is apparent from (29) that, 

in this latter case, the hole density will decay more rapidly at a point 

where p is large than at a point where it is small as shown in Figo 7(a)e 
., 

As a result of this, it can be seen that the recombination term, p/'r , 
P 

in the diffusion equation tends to cause the ho1e density distribution 

to flatten out as well as decay with timee In addition, as the hole 

density distribution decays with time9 the over-all rate of decay, 
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Combined Effects of Curvature and Recombination on the Hole Density 
Distribution 

Figo 7 



6M ... 4870 28.' 

according to (29)9 also decreaseso Gonsequently~ the over-all change in 

the hole density at any point is greater during the interval of time, 

tl''' to' than it is during a later but-:equal interval of time, t 2- tlo 

In Fig. 7(b) the curvature of the hole density distribution 

is negative and the hole density decays with timee The rate-of~ecay 

for the case in which ~ is finite is greater than for the case in which 
P 

"C' is infinite because the curvature and the recombination process p 

simultaneously act to cause the hole density to decay in the former case 

whereas only the curvature causes the hole density to decay in the latter 

case. 

The behavior of the hole density distribution with a positive 

curvature in a region where "t" is f'inite is somewhat ambiguous o p 

4ccording to (3), the two effects, positive curvature and recombination, 

oppose each other. Therefore, the direction in which the hole density 

will go at any given time and position depends on whether the curvature 

or the recombination term dominate the left-hand side of (3) at the time 

and position specified. Fig o 7(c) shows a hole density distribution 

whose curvature at time, to' varies with ~~dista.nce:from! 

essentially zero curvature to some relatively large positive value 0 In 

the region of zero curvature, the recombination effect predominates and 

the hole density decays with time. In the region of large positive 

curvature, ~t has been assumed that, initiallY9 effect of positive curva­

ture predominates and, in the time interval, ~ - to9 the hole density 

builds up in this regione However, by the end of this initial interval 

of time 9 the curvature is assumed to have decreased to such an extent 

that it no longer dominates the recombination effecto As a result, 

during the next interval of time, t2"'" t l , the hole denSity decayse The 
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over-all change in the aole density distribution as a consequence of the 

above assumptions is shown at the t1m:es, tl and t2 in FiSo 7(a)o In 

contrast, if~ is infinite 1 then the hole density will increase with 
p .. ; 

time wherever its curvature is positive and willreDta.in cons~t wherever 

its curvature is zero 0 

The, general form of tne equilibrium diffusionequa'tiion, when 

'tp is finite,1s obtained by setting the right hand side of (3) to zeroo 

Thus, 

d 2 f P 
d'X a La. - 0 

. p (30) 

where L : iDp't'p p 

The equilibrium hole density distribution is, then, the solution of (30) 

which can be written in the general form 

'Xl£p 
f ex) = c, e + Ce e 
ss 

?(~ 
.F 

(31) 

where 0lalld C2 are determined by the equilibrium boundat Yt,.cottdit.1.ons II 

For non-zero solutions of Pss (x), the equilibrium hole density distribu­

tion is seen,from (30) and (31).Ito be a transcendental function whose 

curvature is always positiveo 

The positive curvature of an equililh~~ium hole density distribu­

tion is indicative of an equilibrium base cUrrent 0 Ordinarily, the hole 

rate-of-decay due to recombination, p/'(. , which gives ris~ to the base 
~p 

current, would cause the hole density everywhere in the base to decay 

toward zeroo However, ~der eqUilibrium conditions, this t~ndency of the 

hole density to decay is exactly counterbalanced at each point in the 

base by a tendency of the hole density to increase due to the positive 
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curvature of the distribution at each of th~se pointso Because of this 

equality between the curvatUre and the hole rate-of-decay, the equilibrium 

base current can be exPressed in terms of the curvature of the hole 

denSity, rather that the hole rate-of-decayasgiven in (1), by eliminating 

(32) 

By carrying out the intergration, it is found that 

(33) 

and the equilibrium base current is seen to be directly proportional to 

the difference in the'equ11ibrium hole density gradients at the emitter 

and collector boundarieso If the hole density gradients in (33) are re-

placed by their respective currents at the junctions in accordance with 

(5), then (33) reduces to the form, 

(34 ) 

which is Kirchoff's current l~w for the tra.nsistoro 

~ple 12, 't""p finite 

An example of a case in which the effects of recombination on 

the hole denSity distribution must be taken into,account i~ the diffusion 

equation is shown in Figo 80 The switching circuit shown in Figo 8(a) is 

similar in operation to the circuit of Figo 1 with the exception that the 

emitter current is used to switch the transistor on and off instead of 

the base currento The turn-on phase of the transistoJs transient response 

is, thus, initiated by applying a positive step of emitter current at some 

time, .-b.: 00 
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The boundry'condition at the collector junction behaves in the 

same manner as described in the previ0us example ° For 0 ~ t ~ ,tl , 
*\ 

the collector current is less than the saturation current Ie sa.t' and 

the '~~undry co~dit1on is given by (11), ioeo, 

f = 0 c (0 ~ t- ~ -t,) 

** Fort > tl __ , the collector current is approximately equal to the 

saturation current and the boundry condition I~S then given by (24), ioeo, 

d f ex, t) 

aX c 
== a. constant 

The emitter boundry condition is determined by the applied 

step of emitter ,current, Ie , sinc~ the hole density gradient is related 

to Is by (5)0 This boundry condition is, therefore, seen to be of the 

fol"lll: 

(35) 

* For the df!f'ini tion'" of . I 's t see ( 17 ) 0 , · ' c a, 
!' '. "., . 1 

** In this e:xaxq.ple it has been assumed that the emitter current, IE 
is of sufficient magnitude (I.~ > It) that. the collector 

• . c:;. c sa 
current, 2c ,reaches the value I t in a finite amount of 
time, t = to' csa . 

1 

, 
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In order to deter.mine the initial condition of the hole 

densitydistributiO;n, P){x,O), it has been assumed that, prior to the time, 

t = 0, the hole density distribution is zero everywhere in the base 

region 0 In view of this and the boundl~y.:con:ditions (17) and (35), 

p(x,O) is zero for al~ values of xo However, its gradient is aste~ 

funct10u of the for.m~ 

d P (A:',O) 

Ix 

The left-hand drawing in Figo 8(b) shows a qualitative sketch 

of the behavior of the hole density distribution in the base as de~er.mined 

from the diffusion equation, (3), and the ooundB.I:y and iXt4.tiaJ. conditions, 

(17), (24), (35) &ld. (36) 'describe4 aboveo At the instant the positive 

step, of emitter c~rent is applied, t = 0, a positive hole denSity gra­

dient appears in t~e base at the emitter boupdaryo The curvature of the 

hole density becomes infinitely positive at this point and the hole density 

begins to increase ver.y rapidly in the base region near the emitter boundaryo 

During this phase of the transient response, the actual amotmt of the 

hole density in the baQe is very smaJ.+ and tlle effect of' the hol'e r~te­

of-decay due tq recom~ination is negligibleo 

As the hole density increases and spreads throughout the base 

region, the curvature begins .<to decrease and the hole r~te-of-aecay 
• "I' I, '. 

begins to increaseo This causes the rate at 'Which the hole density at ~y 

point· in theoa.se:is :building up to, decrease 0 ~s a result, the hol~ 

density distributi~n tends to approach,monotonically, an equilibri~ 

solution of the form of (31) for the bounda:~cco,ndition~9 (17) and (~2}o 
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At sane time, t = t

l
, the coll~ctor Tcurrent reaches its $atura-

tion value, I to c sa 
The collectorbo.un~conditionchanges,at:1fhis time, 

to that given by (24) in ~ich the hole density gradient isspe~ified ~t . .' . , '~ 

, f " 

tl:le cqllec'tor rather than the hole density itself o The hole dens1 ty diS­

tribution now continues to increase at a. slower axld slower ra.te':1~'tpe 

same :manner as before but toward ~,newequilibrium distribution deter-

mined (31), (32) and (24)0 
\ 

It shQu:l-d be pointed out that the magnitude of the new equili-

brium hole density, everywhere in the ba.se region, is greater than the 

magnitude of the original., equilibrium hole density toward 'Which 

p (x,t) was headed prior to the time, t: t10 This c~ be seen when it 
, . 

is realized that, in clamping the collector current, 2c , to' some value, 

Ic sat' the resu! ting equilibrium. base, curr~nt is larger than the 

original equilibrium base current which wou+d exist if 2 c. were al~owed 

to reach its normal equilibrium value for the origin.a.l boundarYccondit:iJo;t, 

Pc = 00 For, according to the relation between the equilibrium bas¢: 

current and hole density as given by (1), this larger value of basF 

current can only be obtained if the magnitude of the equilibrium. heleden-

sity is, in general, increased everywhere in the base region 0 

The transient response of the emitter and collector currents 

shown in the left hand drawing of Figo 8(0) are obtained from. the- behavior 

of the hole density gradie.ntat the emitter and collector bounda.ries-as: 

sketched in the left hand drawing of Figo 8(b)o The transient response 

of the collector current, in this case, is seen to behave in a manner 

similar 'tfo " the collector eurrent response in the an tching circ'Ui t of 

Fig 0 I.. The response of the emitter current is,ot' course, a step 

function 0 The transient behavior of the base current is found by taking 
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the difference between the emitter and col~ector currents in accordance 

with Kirchoff's current law (see equations (33) and (34) .. 

The transistor switch of Fig 0 8(a) is turned oat,by reducing 

the emitter current to zeroo .... * At some time t - ° , then, the emitter is 

essentially open-circuited and holes can neither flow in nor out of 
. 

the base through the emitter junction, ioeo, ZE. :;: 00 The em1 tter 

b.ounda.~ eonditon for t > 0 is, then, according to (5) of the form 

.=. 0 (37) 

The initial condition of the hole density distribution, 

p(x,O), for this turn-ofr phase of the transistor 8 s transient response, 

is given by the equilibrium distribution obtained for the turn-on phase 

deseri bed abo~ G In view of the fact that P (x, 0) > 0 at the collector 

bpunda.~Y;, the voltage across the collector, junction, Yc , is grea~er 

than zero at the time, t :: 00 The positive collector voltage cannot 
, 

change instantaneously, since the collector current ~u~t remain finite 

at all times in view of the circuit conditionso Therefore, it can be 

said that Vc remains positive for some finite amount of time t after , . s 

t :: 00 Because of this and (27), the collector boundarY<cortditio:p., "duripg 

the time 0 ~ t < t , is given by (24), ioeo 
s 

o p(x, t') I ,= 
d X '. 

c 

* At this time, the hole density distribution is assumed to have reached 
itsllontf equilibrium state as show in the left hand drawing of' 
Fig 0 8(b) 0 
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The behavior of' the hOl'e density distribution during this time 

is governed by the diffusion equation, (3), and the bounda:ryccQlidition~~ 

(24) and (37),and. is sketched 'in the right hand drawing of Figo 8(~)0 

It can be argued from purely physical reasoning why the hole density must 

, decay to zero for the'existing circuit conditions by noting that the 
I. 

emitter is no longer a source for holes While the collector junction and 

the recombination mecha.n1sm still act as quasi-sinks for the holes which 

still exist in the base regiono However, the actuaJ. manner in which the 

hole density distribution decays with time can only be obtained from the 

diffusion equation and the boundary and 1n1 tia.l aond! tions '" 

At time, t = oi, the distri~ution of the hole density in the 

base region, w > x ~ 0, is an equilibrium one, 1090, the positive curva .... 

ture of P (x, 0) prevents the hole density anywhere in this region from 

decaying by recambinationo Initially, then, the hole density distribution 

tends to remain constant in this regiono 

This situation is not true at the emitter bounda;rycO'f '"the-, base 

region (x = w), however 0 According to the initial form of the hole 

density distribution, p(x,O), the gradient of p'(x,O) near the emitter 

i 
approaches the emitterbounciarycondition given by (35), ioeo, at t .::; 0 

L i rn d p('X) -t) 

X-+-w d X 

However, at this same time, the gradient at the emitter boundaty (x :=w) 

must be zero as required by the emitter boundary condi tion given by (37) 0 

This abrupt change in the initial hole density gradient, in going from a 

point in the base region near the emitter boundapy~where thegrad1ent is 

positive, to the emitter boundary, where the gradient is zero, requires 

that the initial hole density at x = w have an infinitely large" negative 
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curvature 0 Consequently the hole density at the emitter boundarY'begins: 

~ 
to decay at t = 0 0 

At first, the hole rate-of-decay at the emitter boundary pro-

ceeds at a very rapid rate because of the large negative curvature in 

that region of the baseo Meanwhile, the decrease in the hole density 

near the emitter causes the positive curvature of the hole density 

farther out in the base region to decreaseo As a result the hole density 

there begins to decay due to recombinationo Even,tu.all.y,. all of the pos-

itive curvature disappears from 1;he hole density d1st~ibutionand is 

replaced by a negative ourvature that is required if the gradient \~s t'o 

be ~ositive at the eollee~or boundry, as given by (24), and' zero at the 

emitterhoundary as given by (37)0 In this latter form; the hole density 

distribution decays throughout the base regiQU under the influence of 

both negative curvature and recombinationo 

During the time, 0 ~ t <: t , the behavior of' the hole 
s 

densi ty in the region of the collector boundar.y is seen, ini tially, to 

remain constant because its positive curvature in that region is in 

equilibrium with the recombination proeesso For t > 0, the positive 

curvatUre begins to decrease and the hqle density starts to deca.y slowly, 

.at first, speeding up as the curvature becomes less positive and more 

negative 0 All during this phase of the turn-off transient respons'e" the 
,< 

colle.ctor current and, consequently, the hole density gradient at the 

collector boundarY 'remain,. cons.tanto mis 1sbo'Wll. as the storage phase 
\'. 

of the turn-off time during which the holes fI~toredft in the base 

region are dra'WIl out through the collector at a constant ~teo 
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At the end\'bf the storage time, t = t , the hole dens+ty. at 

s 

the collector will have decayed to zeroo Because the hole density in the 

base cannot go negative~ the positive gradient at collector as given by 

(24) can no longer be maintained p,t this high level 0 The . gradi~nt and, 

therefore, the collector current must decrease as a result, causing the 

-voltage across the collector junction to ~o negativeo The collector 

boundary oondi tion is, then, that of a back bia.sed Junction ,( Vc. < 0 ) 

as given by (17), ioeo, 

f = 0 c ( f~ is) 

As a result of this change in the collector bo~dry condition, 
l 

the negative curvature is no longer necessary since the hole denf3ity 

gradient at the collector is no longer'fi~edo Consequently, during the 

time, t > 1;., the nega.tive curvature decreases and,' the hole denSity 

distribution tends to approach a straight line which becomes flatter and 

flatter as the distribution a.pproaches its zero equilibrium condition 

(see Figo 7(a) and 7(b)" . The hole density rate ... of-decay continually 

slows down during this phase' since the negative curvature and hole rate-

of-decay due to recombination are both ap:proaching zero as time, t, 

i:q.creases· indefinitely" The equilibrium, zero hole density distribution 

is reached,therefore, only as t approaches infinity 0 

The transient behavior of the emitter and collector currents 

are shown in the' right hand dr8:wing of Fig 0 8 (c) as sketch from, the 

behavior of the hole density gradients at the junetionboundries 0 The 
. I 

transient response of the collector curre~t is seen to be the s8.lne a.s, 

that described for the switching circuit of Figo 1<> The emitter current 

transient is, of course, a. step fun~tion, ~d is zero for time, t > 00 

The base current transient is seen to be identical. to the collector 
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current transient as required by Kirchoff Us current law (see (33) and 

(34) )0 

CONCLUSION 

Through the use of the quali ta ti ve technique of solving the 

diffusion equation that has been described in this paper, one can 

determine the large signal transient response of a junction transistor 

quite accurately in a fairly simple arid rapid'mannero At first, this 

me'thod would appear to give 'only the shape of the transient response 

without reference to timeo This statement,$) however.9 is not quite true~ 

A relative time scale can be obtained by this memhod from the rate at 

which the hole density distribution increases or decreases, as the case 

may beer Thisrate-of-change of the hole density distribution is prin­

ciply dependent upon the, magnitude and sign of thecurva-ture of the 

di,s-tribution which usually can be obtained quite accurately from a 

sketch of the solution 0 

Unfortunately, an absolute time scale is lacking in -th~s 

technique 0 However, the absolute values of the switching times in .... 

volved in 'the various pha~es of the transient response can be obtained,'; 

for a particular circui tunder considerationg by observing the output 

response 'of the transistor with an oscilloscopeo1n addition to this, 

the absolute values of the switching times can usually be obtained from 

an analytic solution of the transient response of the transistor for 

either the actual boundary condition involved~ or for a limiting case of 

the class to which the particular problem belongso- Whe,nthis analytic 

method is used, not only~ can the switching times be determined by 

evaluating the analytic solution neumericallY$ but also, their relation 

to the various transistor papameters involved is establishedo 

CTK/md 
Attachments: 

Appendix A 

FigoA2-sA-48860-G 
FigoA3...sA .... 48861-G 
Fig 0 !4-SA-48862-G 
FigoA5=SA-48863-G 
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APPENDIX.! 

An' Exalnple of an AnaJ.ytic Solution to the 

Transient Response of a Transistor Switching Circuit 

The transistor switching circuit for which an analytic solu-

tion of its transient response is to be found is shown in Figo 60' With 

the an tch, Sy in. posi t10n 1, the sn telling circuit is assumed to be 

non" and a curren~, Ie sat ~ vQ~/~./ exists in the collector circuit:p 

The transistor 1sassumedto have been in this "onn state long,enough, 

prior to some time, t : 0, for the hole density distribution to have 

reached equilibrium as ShOllD in Figo ~o ..E'e (0) and ~ (0) ,in the 

figure, are the initial equilibrium values of the hole density, in the 

base" at the emitter and collector junction boundar·ie~ . .9 respectively, 'When 

Sy is in pos! tion 10 The hole lifetime in the base, ~ p' is assumed to 

have a value sufficiently 'large that P('X, t) / ttp -;:::: 0 for ,any time, to 

The diffusion equa.tion (3), can therefore be written in the f0I'.lll 

----, -
d ;;;(~ Op 

, (Al) 

and the initial equilibrium hole density distribution is a straight line 

of the form 

where" according to (5) 

(A3) 
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X= 0 

ID.itial Equilibrium Hole Density Distribution in the Base 

At time, t = 0, the ~~tch, Sy' is thrown, 1~sta.ntaneously, 

. '. '.' ~- ." 

~o po~it1on 2. Theposit1ve, volta.ge, V2,.is, thu~, ap~l1ed to the base 

and is assumed to be sufficiently 'large, (V 2, > > V cc) that both the 
. , ~ * 

emi tter and. collector junct,1on are back bias~d at time t = 0, i 0 eo, 

~ , ~ < 0 ; (A4) 

,Fro~, (A4) and (4), the,: b()un~condit1ons at the emitter and col~ector 

are, theretore, seen to be given by 

~ = ~ = 0 (t >0) (A5) 

* See footnote on page 2S ) 
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The initial con~~ion of the hole densit! d~stributio.~, 

p(x,O)'. is the same as the equilibrium distribution at t < 0, given by 

(A2), 'since the hole density in the base can not chang~ instantaneously 

except at the emitter and collector junction boundaries. Thus, 

For conveni~nce in plotting the solut1on';'of, ·t~e· hole density' 

distribution in the base, the diffusion equation is' solved in its 

normalized for.m, 

.(A7) 

whe...,.e. X X - w 

T 
i;-- w/£ Dp 

The complete solution for p(x,t), obta~ned by solVing (A7) for, the 

bounda~y and in1 tial condi tions (A5) arid (A6) respe~ti vely, us111g the 

method of separation of variables, is found tq be of the t'~ 
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Equation (A8) can be plotted in a more convenient manner 

if 1~ 1s expressed in t~e form 

w h e 're ~c'rm f(x, r) (A9) 

'£(0) 
£. 

0 p(o) 
S - c 

E (0) 
£. 

P represents the hole density in the base as a function ·of time and norm . . ' : \ ' 

posi tion normalized with respe.ct to ;: the ini tia.l hole, .densi ty at the 
" ' 

emi tter junction, P c.. (0) 0 Since o .t. '4X,T)~ E (0) , P - always has , ' r ( € norm _ ' 

a value which lies in the range, 0 ~Pnorm ~ 10 
o 

S is the ratio of 

the initial hole density at the collector to the initial hole density at 

the emitter. When the transistor is not saturated P (0) : 0 and SO : 00 
" c 

~e maximum sat~ation of the transis~or occurs when Pc (0) = p£. (0) and 

o 0 S : 10 Thus, S can be considered as representing the degree of satura-

tion of the transistoro Fig. A2. and A3 'each show a plot of P vs X, norm 

with t~e a~ a par~~ter, for two different degrees of saturation, 

SO : 0 and SO : 0.5, respectively. 

Th,e analytic exp:r:essions for the end tter and collector . 

currents are ~obtained by 's'U:bSt1\~t:ing the ~~ent of P (x, t)' evaluat.ed 
I 

at the emitter and collector j~ction boundaries, respectively, into";~.)o 

In this case, where the hole density is expressed in. terms of x normalized 

wi th respect to w, a normalized form of (5)· ,must be used 0 'l'llus, 
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The gradient of the hole density as obtained from.(A8) can be writteJ:l as 

It follows fro~ (Ala). that the hole current at aily point in the base, . 
?X J is of ; the form 

E. (0) f [ 0 n J[ \1 -n"-rr'<T 
2~ = 2! Dp :, L 5 -(-I) Cos (n7rXj e (.Al2) 

I , 

n::I, 

Again for conveni~nce in plotting, the ~xpression for the hole current, . 
can be normalized, by defining a normaJ.ized current, 2 X norm' 

such that 

. j 
X 

2x norm - i~(~(%) 
(Al3) 

It can be seen from (A3) that the term in the den0m1nator~~.o.f.,(41~); 

represents the maximum amount of equilibrium hole current that c,en flow 

anywhere in the, base for a given value of P g (0) 0 

From (Ala), (Al2) and(Al3), the normalized exp:ression for 

the emitter and collector currents are seen to be of the forms 

. 
-2 e norm - 2L. [I -HtsO] 

/")=/ 

00 

- 2 I [so -(-I)"J 
n=/ 

e 
a a 

-n IT T 

(A14) 

(Al5) 
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:where the current is defined to be positive when it "flows" in the 

" i 

Figo A4 and A5 show iplots of -i. vs T e nor.m positive direction of X. 

and i vs T, respectively, for various values of the parameter SOo c nor.m . . 
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