




































































































































































































































































Xy =X, COS wt ©9 = Bgq ©OS wt

where x;,, Xg(, ©19 and © 5 are the initial displacements. The appro-
priate differentiations and substitutions give a homogeneous set of linear
equations of the form:

—";‘11 21521321 | EN BN
291 %22 %23 224 *20 L2 20
431 832 233 434 ©10 10

| 241 242 %43 P44 | f‘zo_ _920_

The iterative procedure for the solution of these equations involves the
following steps:

1. Initially, let xj, = X9 = © 10 = ©90 = 1.0 and evaluate the left-hand
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side for new values of w2xy,, w2xyg, w2© 1, and w24,

That is:

2
= + +
“ x0T M50 T *19%20 T *13® ©

+
10 *14%9

and so on.

"Normalize'" for new guesses at X107 X207 o 10° and 920 by setting

*10 71 o -——2 %10
2 10w
LY %0
20~ 2
10 5
e, _Y %
Xzo U)2X
10

Repeat steps 1 and 2 until such time as successive values of X100 Xo0
€10 and o 20 are very close. At this time, convergence has occurred

and w2 can be computed.

2
Upon convergence w? can be evaluated from the given value of w X105
say
2. -
w X0 K



The following is the iterative solution for w2ofa sample set of coefficients:

Particular equation set

+929 -332 +3, 590 -3590 Xq X1
-748 +748 -8, 090 +8090 Xg X9
+4.17 -4.17 +35,400 -11,760| |©1 ]| = w2 €1
-14.31 +14.31 -40, 300 +40, 300 ©9 ©9

Iterative solution

Iteration Xq Xg < 1 S5
1 1.0 1.0 1.0 1.0
2" 597.0 0.0 23640.0 0.0
3 143085.0 -321095.0 1401773.0 -1595813.0
4 76883.0 -171908.0 477975,.0 -844314.0
5 63414.0 -141558.0 349238.0 -693154.0
6 60681.0 -135398.0 323511.0 -662485.0
7 60002.0 -133869.0 317130.0 -654870.0
8 59825.0 -133468.0 315460.0 -652876.0
9 59777.0 -133362.0 315017.0 -652347.0

w2 = 59777.0

Knowing that X10 is to be set to 1, then
w2 =K

To clarify what has been done here, remember that the set of equations
has no constant term — it is a homogeneous set of equations. Essentially
this means that there are an infinite number of solutions which satisfy the
equations. This is certainly reasonable when the physical system under
consideration is examined. In a vibration problem of this kind the initial
displacements X10> X20> © 20> and 920 must be expected to take on dif-
ferent values.

In the above procedure a value of Xy0 Was selected which then fixed the
values of the other variables xy), ©10- 920 and allowed w 2 to be deter-
mined.

A very similar iterative scheme (without the normalization step) can be
used to solve sets of nonhomogeneous linear equations.

Partial Differential Equations

Many engineering problems involve the handling of partial differential
equations. Three classes have been distinguished as:

1. Elliptical equations (describing potential fields)

2
v ¢=g(x’ Y, 2)
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2. Parabolic equations (describing heat flow and diffusion)

vZo =k0
at

3. Hyperbolic equations (describing wave action)
vig=1_ %0
c2 )t2
where ¢ 2 is the Laplacian operator in rectilinear coordinates:

1x2 yy2 322

A basic approach to handling partial differential equations when describing
a particular material or space is to create a grid of points covering the
space as shown for a two-dimensional space.

Then, at any point 0 the Y
first derivative with respect ¢ ¢ ) * *
to X can be approximated in
two ways: . O q o 3
( 30 ) ~ ¢3 - q>o

3 x 1 Ax . . ¢2 . .
or (1) A X

P~

( B'D) 200" 01 ! ° 3 X

3x /o~

2 Ax . . ¢4 ] .

The second derivative can be approximated as

30 30 ' .
. TP TR, 057 0720,

NE Ax (A x)2 (2)

Derivatives in the y direction can bhe obtained in the same way. Using
this procedure, any partial differential equation may be reduced to dif-
ference equations amenable to computer handling.

Potential Problem

Apply this to the two-dimensional problem of finding the potential dis-
tribution in a square whose sides are maintained at voltages

If there is no charge within the square, the potential distribution is de-
fined by the Laplace equation:

DA i 1)

3x2 )yz
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Setting up a square grid system to cover the square, for the general
point A, the approximations for the partial derivatives become:

(XV -V,-vV
)x)l __u
h
)2V = V,+V_-2V
T4 3
)x2 2

Similarly, for the y dimension:

§2V%‘ V,+V. -2V
2

dy n2

Then (1) becomes:

V1+V2+V3+V4—4Vo =0

2 1 o

(@A
X 2

= VO "V

3
h

2

This is the basic relaxation equation. It is applied in the following way:

1. A first guess at the potential of each point on the grid is made on the

basis of the known boundary conditions.

2. Moving systematically through the points of the grid, the quantity
called the residual is computed for each point and stored. The residual

is given by:
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Figure 13,
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R0:V1+V2+V3+V4_4V0

Initially, equation (2) will not be satisfied since the potentials are
guesses.

3. Again moving systematically and considering each point not on the
boundary, the potential is adjusted to make the residual for the point
equal to zero by applying the following equation:

new V=V, + R0/4

4. This affects the residuals of the surrounding points, so they are ad- i
justed by:

new Ri = Rl + RO/4
5. Steps 3 and 4 are repeated until no residual is found whose absolute
value is greater than some predetermined limit of accuracy. At this
time the relaxation equation is satisfied and the potential distribution

is known.

It is possible to quickly write a FORTRAN program to do the necessary
computation. For this problem let

M = Number of points in grid on x axis (200 max.)

N = Number of points in grid on y axis (200 max.)
v Jd= Potential at points on grid (initial guesses) plus boundary
values
R, J)= Associated residual
DEL = Limit of accuracy desired.

The resulting FORTRAN program is shown in Figure 13.

With this example in mind, it is of value to consider how a more complex
problem of this type might be handled.

Temperature Distribution Problem

For a cylinder made up of layers of material of different conductivities,
find the steady-state temperature distribution. The outer surface tem-
perature (boundary temperature) is known. Here the use of cylindrical
coordinates facilitates analysis. In cylindrical coordinates the heat flow

equation is:
1o afoar), 1 ot A’ k3T @ 1
r dr ir rZ2 3¢2 322 3t !
]
3T _ ]
For the steady state, where —— =0, then {
3t
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Since this deals with a nonhomogeneous cylinder, any approximation to
the partial differential equations must show a dependence on the con-
ductivity of the material. A suitable approximation may be derived by
reference to the accompanying diagram.

2

- Heat

0

First assume the boundary between materials to be midway between two
points on the grid and introduce a boundary temperature Tb" Then the
quantity of heat which would pass from one square and (assuming incorrect
initial assignment of temperatures) the quantity received by the second
must be equal; or

k; (T = T,) =k (T}, = T)

or
k+ki
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Then approximate

2 - T T
ar J1 h/2

(3%): -Gi=s) (537)

An equivalent approximation redefining T}, may be made from the opposite
side to give: !

3TN _(Ki+g “Tiv1 + T .
(“)2 (%ﬁk) ( b/2 )

The final approximation to the first derivative may be taken as:
3T (é_T) . (é_T) (& Kisy ) (~Tin*T
ar \r /1 dr |2 Ei+E 1S A

The second partial may be taken as:

R ), ) (B ) B

For uniform boundary temperature:

or

and -3— > (Ki+g Tig T \+ (Kiso Ti+2'T>
2% Kk h2/2 kirg*k] \h2/2

Making use of these approximations in equation (2) gives the steady—state
heat flow difference equation:

()b B ) 6]
ARSI

referring to the general cell illustrated.
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With this equation the standard technique of relaxation by residuals may
be used to find the steady-state temperature distribution.

This problem has been discussed in order to illustrate how the relaxation
technique may be applied in cases of two added types of complexities:

1.

*2.

*3.
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Cylindrical coordinate system

Nonhomogeneous material

Write a FORTRAN program to perform a matrix multiplication. The
maximum size of the input matrices is 20 by 20. The actual size of
the matrix is L, m, n, and is to be read from data cards.

Note:
L

Cij = § Ak« By
k=1

Using the method outlined in the matrix inversion topic, find the coef-
ficient inverse and solution for:

2X1 + 3X2 + 4X3 =5

3x1+4x2+4x3=5
The discussion of the problem on the iterative solution for homogeneous
equations mentions the use of the iterative process for nonhomogeneous
equations.

Given the set of simultaneous equations

AX=B



*4,

one such iterative procedure is to rewrite the equations in the form
X=CX+F

and use
Xn 41 = CXn +F
as the iteration equation.

For the set of equations

+ X, = 69

25x1 + 2x2 3

2x1 + 10x2 +x3 =63

Xq +x2+4x3=43

the iterative form is
Xq = -24%q - 2xgy - Xg +69
Xg = -2X1 - 9x2 - X3 +63
Xg = =Xy = Xg = 3xg +43

Iterate for the values of x,, Xy and Xgq which satisfy the equations.

Perform relaxation on the below grid which has boundary conditions:

— 2 2
Vboundary =X~ *¥

for the potential described by Laplace's equation

2 2
3V+3V=0
%2  dy2

Make use of symmetry wherever possible.

5 50

4 ay

3 34

2 29

1 26
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SECTION VII: EMPIRICAL RELATIONSHIPS

The previous chapters have discussed various ways of handling problems
adequately described by theoretical equations. Some attention has been
given to each of the general steps in computer solution of the problems,
namely:

1. Selection of the appropriate relationships.

2. Mathematical manipulations involving algebra or the calculus to
arrive at a suitable evaluation equation.

3. Choice of numerical technique when necessary.
4. FORTRAN programming and actual computer evaluation.

It must be recognized that this approach does not suffice in situations
where step 1 is impossible or where the known relationships do not
adequately describe the problem.

The lack of theoretical knowledge may often be adjusted for by the use of
empirical data taken by means of experiments and test runs.

The discussion of the vehicle simulation in a previous section introduced
the use of tabular data and an empirically derived equation together with
theoretical equations in the description of the vehicle operation.

The engineer is no stranger to the use of tables of data. Page upon page
of collected data arises in almost every test of an engineered part or
system. Conclusions are as often drawn from the consideration of tables
of data as from theoretical data. It is important that this source of infor-
mation be available, as is, for use with computer analysis. At the same
time the possibility often exists for derivationof an empirical relationship
to fit the data. This section will consider some of the standard proce-
dures for:

1. Use of tables of data as they exist.
2. Derivation of empirical relationships from the data itself.

The discussion will be broken into four areas, as shown in the chart below:

FUNCTIONS OF A FUNCTIONS OF
SINGLE VARIABLE MULTIPLE VARIABLES
TABLE a. Table storage a. Table storage
LOOKUP b. Table interpolation b. Interpolation logic
DATA a. Fitting Criteria a. Linear regression
FITTING 1. Selected points b. Multiple linear regression
2. Least squares c. Nonlinear Estimation
d. Dimensional Analysis
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Functions of a Single Variable

Given the following table of data, how might the proper value of Y for a
given value of X be obtained during a computer run?

RS X Y Y()
0.0 X(1) .913 Y1)
4.0 X(2) .930 Y(2)
8.0 X(3) .941 Y (3)
12.0 X(4) .946 Y() .
16.0 X(5) .948 Y (5)
20.0 X(6) .950 Y (6)
24.0 X(7) .951 Y (7) -
28.0 X(8) .948 Y (8)
32.0 X(9) .944 Y9
36.0 X(10) .938 Y (10)
40.0 X(11) .928 Y(11)
44.0 X(12) .914 Y(12)

TABLE LOOKUP

One procedure is to load the entire table into the storage of the computer,
and then for a given value of X search the table for the corresponding value
of Y.

A FORTRAN program to accomplish the loading of the above table into
storage and table lookup for several values of X is shown in Figure 14.
Note that the search is accomplished with the use of an IF statement
within a DO loop. For the case of the argument X being exactly equal to
a table entry value of X, the corresponding value of Y is simply selected
and printed. When the argument X falls between two table entries linear
interpolation is performed. The graphic derivation of the linear inter-
polation equation is:

Vir1 - V9 & - %5)

Yit+l

71

o
R o e - - — o —— —

(5

i+l
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This is the equation of the straight line joining points &> ¥4) and &i410 YisD-
Evaluation of the right-hand side for a particular value of x gives the
corresponding value of y. This equation is used in programming statement 4.

— C FOR COMMENT

v FORTRAN STATEMENT
1 51617 10 15 20 25 30 35 40 45 50 54 60 65 70 72
[ TABLE LOHKYUP PREELAAM L i L L L L I -
i A 1t 1 1 . 1 1 . L 1 .. 1 1
DIMENSION x(22),Y(12) 1 L ) | i ) 1 | L
READ 10, X»Y | . . ; . . L . . . .
1 |Resn 10, TX . P . . . . . )
28 =I=1,12 . i L L . ! L . . - .
IF{ 7X-X(1)) #,5,6 o \ , X o . . , .
o |coNTINYE | ! . \ N . Lt . \ L. \

6¢ 14 1, 1 L

CORY,z Y (L-1)4 (YLD -V (L-1))*(TX-X(r-2)/1(x(5)-X(2-2)) . .

é¢ ’rl¢ g 1 1 1 1 i 1 i i i i 1 i
S |cory =¥ (1) . . . , . . . . . . .
PRINT 20, TXK,CIRY | s " , N \ . ) e )
44 ﬂd Z 1 R | 1 1 1 1 1 ol 1 1 L )|
LMD L 1 L L : L 1 1 L 1 ! L

1 1 1. 1 1 o) 1 J 1 1 1 - 1

\/\/\N’\M
Figure 14.

If the approximation of the function by a straight line in the interval

(Vi+1 - ¥j) is not of sufficient accuracy, the function may then be approx-
imated by a parabola or higher-degree polynomial by such methods as the
Lagrange interpolation formula.

DATA FITTING

If the problem involving use of this table were to be run many times on a
computer, consideration may be given to finding an equation which will
pass either through or within tolerance of all the points in the table. In
most engineering problems it is sufficient to find an equation which passes
within a specified tolerance of all the points in a table of data.

Model Selection

First a selection of the equation form to be fitted to the data must be made.
A few of the possible selections are listed below.

TYPE EQUATION

1. Polynomial Fromy =aj +ax
To y-= ao + alxl + a.2X2 + a3X3 + a4X4 + a5X5
Generally restricted to this range.

2. Logarithmic y=agta; log x
3. Exponential y = aoalx
a
4. Power ¥ = a5 1
5. Fourier Series m
y=2a,*+ Z (ancos nx +bn sin nx)
n=1
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The actual decision may be made on the basis of theory, some preliminary
plotting, past experience, or by trial and error.

Model Fitting Criteria

Next a criterion for actual fitting of the equation form (finding values for
the a;) must be selected. Some of the possible methods are listed below:

Selected Points. As many sets of observation data as there are a; to be
determined are substituted into the selected equation, and the resulting
system of equations is solved for the aj- While this method is very crude,
it may be of value in situvations in which available data is limited (see
conical filter shell stress problem later in this section).

Harmonic Analysis. This widely used computer application is useful in
fitting a Fourier series to a set of periodic data.

Least Squares. This is the most widely used procedure for calculating
the parameters a; for the selected model.

All of the models mentioned above (Fourier series excepted) may be fitted
to a set of data by least squares. The principle will be explained with
respect to the simple linear model

y =2y +ag X

Given a table of n sets of data,
where y is assumed to be the above
linear function of X, determine a
and aj.

The least squares criterion is to determine ay and a; such that the sum
of the squares of the vertical distance between the data points and the
straight line is a minimum. Referring to the graph, this may be stated
mathematically as:

n
Lt
i = minimum
i=1
This is true only if n
2
d €
S i=1 -0
%
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and n

The sum may be expressed in terms of the equation to be fitted and the
original data points.

€i=¥; - @ *2arx)

Then:

n n
2
) Z 612 ? Z/ [yi - (a() B al Xl):l
_ =1

. i=1 S =0
P} a a,
n n 9
D)
2 Z € [Yi - @y +aq Xi)]
i=1 3 i=1 _ o
dag - da; -
Performing the differentiation and simplifying gives:
n n
Z Vi - Z a; % ~may =0
i=1 i=1
n n n
Y - o (Ton) w L
X.y. - a Xy - a X, = 0
i=1 - P\ O i-1

These two linear, nonhomogeneous equations may be solved for a, and a-
The parameters a and ag therefore, are computed in terms of sums and
sums of cross products of the raw data.

Functions of Multiple Variables
TABLE LOOKUP

Given a set of engineering data of the following form, from which x is to
be computed for various sets of values of y and z:
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X y Z

X1 Y1
X2 y2 z]
X3 V3
X4 v4
X5 Y5
X6 y6 zg
X7 Y7
X8 ¥s
X9 y9 )
X10 yio k
X11 y1i1 Zg

A table lookup with interpolation procedure, more complex logically to be
sure, may again be used. This procedure may be stated as:

(@) For z7 interpolate for x as a function of y alone.
(b) Store the resultant value of x along with z; in another table.

(c) Repeat steps (a) and (b) for all values of z giving a complete table of
x as a function of z alone.

(d) Interpolate in this resultant table for final value of x to be used.
DATA FITTING

Quite often, particularly in such fields as chemical engineering, the table
lookup possibility is impractical for one of two reasons:

1. The problem demands a fitting equation for a meaningful solution.

2. The data cannot be obtained in a form similar to that shown in the
previous table.

When this situation is true, curve fitting may again be used.

For example, an equation in the description of the vehicle simulation
model was presented as an empirical relationship. In this case R is
assumed to be a function of three variables M, A and V.

2
R =aM + bAV

The least squares criteria may again be used in conjunction with exper-
imental data to determine values for a and b which best fit the equation to

the data.

To apply least squares relationships in this instance would require calling
AV2 a new variable Xg = AV2, giving a linear relationship of the form:

Y=ax1+bx2 |
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In general, data fitting of linear equations is called linear regression.
If, as in this case, there are more than one independent variables, the
procedure is called multiple linear regression.

This chain of first assuming the form of a relationship and then using
mathematical criteria to fit the relationship to experimental data can be
thought of as a search for a useful "prediction equation."

A typical application of statistical techniques to arrive at experimental
relationships may be represented by the problem of fuel oil smoking.
Smoking is an undesirable trait of fuel oils. If the effect of smoking can
be related quantitatively to properties of fuel oil, then smoking may be
controlled.

The method of attack is first to isolate the variables which affect smoking.
In this case, they are aromatic content, olefin content, sulfur content,
and boiling point.

An arbitrary scale for measuring smoking experimentally must be agreed
upon. Then, a large number of fuel oil samples are analyzed for the four
characteristics above and burned to determine smoking. This gives rise
to the following table of data:

Boiling
Sample Smoking %Aromatics  %Olefins %Sulfur Point
1 4.3 1.37 .07 .00 42.9
2 3.7 1.29 .06 .01 41.8
3 4.9 1.41 .13 .02 37.0
4 ete

This, in turn, is subject to the following statistical analysis:

1. Regression Equation: If smoking is assumed to be a linear function
of the variables, the analysis will determine the best fitting equation:

Y =bxy + boxg + b3X3 + b4X4 +bs
where by, bz’ cees b5 are the fitting constants.
2. Partial Correlation Coefficients: The square of one of these coeffi-
cients expresses the percentage of change in smoking which is due to
a corresponding change in the respective variable. In this sense it is

a measure of the dependence of smoking on the variable.

3. Multiple Correlation Coefficient: This gives a measure by which it
may be determined whether all significant variables have been selected.

4. Standard Error of Estimate: This gives the accuracy of prediction by
the regression equation.
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If the analysis indicates that the proper variables have been chosen and
that the accuracy of the regression equation is sufficient, it should be
possible to determine means to control smoking of the fuel oil. If not,
other possible variables must be selected and new data obtained from
which to determine other contributing factors.

The preceding discussion has stated that the models chosen for multiple
regression must be linear models. More explicitly, this means that the
partial derivative of the model function with respect to one of the param-
eters must be independent of that parameter. This mathematical
restriction is severe for some desired applications.

The Mathematics and Applications Department of IBM has developed an
approach to fitting nonlinear models. The mathematical technique is
interesting in that it consists of iterating through the two steps of (1)
making a linear approximation to the nonlinear model and (2) fitting the
linear model by multiple regression. The result is the possibility of
fitting nonlinear models, an example of which might be

a{x
a 1#1 aoxX
Y=_1 (e +e22>
a1+a2

This nonlinear estimation has been used further in fitting sets of equa~
tions to data.

Dimensional Analysis

This technique for model selection of relationships between physical
variables has wide application to engineering problems. With electronic
computation the application of dimensional analysis can be greatly facil-
itated.

As usually written, each physical variable of an engineering equation is

expressed in some combination of fundamental units. These units — time,

length, mass, temperature, etc. — are the dimensions.

Dimensional analysis is a systematic study of the dimensions of an equa-
tion containing several variables in order to:

1. Discover any variables whose dimensions are incompatible.

2. Ascertain the nature (but not the true value) of the relationship between

the variables.

3. Assemble the variables in dimensionless groups so that the relation-

ship between these groups can be expressed algebraically.

As an engineering application of dimensional analysis which will make the
procedure clear, consider a problem of conical filter shell stress. A
filter shell must be designed to withstand large stresses applied through
a tightened nut at the top. This force is needed to overcome the force due
to oil under pressure inside the shell and maintain a firm seal at the base
gasket.
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Nut
Reinforcing
Ring

Bolt Shell

L - Base
Gasket

An equation is desired which will predict the applied stress, W, for which
the shell will fail. For this structure a complete theoretical analysis is
too involved. Therefore, an empirical relationship will be determined.
It is assumed that variables involved are:

S = Ultimate shear stress of the material

t = Thickness of the shell

D = Mean diameter of shell

© = Cone angle with the vertical

d = Diameter of reinforcing ring

W = Applied stress

Dimensional analysis now consists of finding dimensionless groups of

variables so that a dimensionally correct equation may be written. An
approach here is to let

1rl=Sathcd
m,=5°tiDfe Q)

Ta=shtDlw
The dimensions of each of the variables to be inserted are:

s =MT2 1!

t =L M for mass
D =L L for length
d =L T for time
9 =1

W =MT"2 L-1
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For ; to be dimensionless, the sum of the exponents for each funda-
mental dimension must equal zero. “’\

For M, a=90 !
For T, a=0
For L, ~la+1lb+1c+1=0 orb=-(1+c)

For this particular case the resulting three equations have an infinite
number of solutions. For simplicity consider:

c=0
Then
b=-1
and 7 1 = sot=1 po g
—¢d
or T 1 (_t_)
Similarly, 7 , = (-tB) ©

(Since © is dimensionless, this 7 factor may be rewritten as two dimen-
sionless groups.) And

At this point the variables are arranged in dimensionless groups and a
relationship between the groups may be assumed.

A reasonable form to assume is:

my=K(m)* (7P

or
GG

where © has been used as a separate 7 factor because it is dimension-
less.

Rewriting (2) gives:

5= tzﬂ (%)a ‘('td')b o @)

where K, a, b and ¢ are constants to be determined.

One method for calculating suitable values for the constants K, a, b and
¢ is that of selected points covered earlier in this section. |

(a) Take the log of each side of (1)
log S = log (t'TKW) + a log (-tg—) +b log (—:1—) +c log & @
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Probabilities

(b) Make four shells of different dimensions with known ultimate stress, S.
(c) Crush shells to obtain W.

(d) Substitute all the values into (4) to obtain four equations in four un-
knowns (K, a, b, c) and solve these equations simultaneously.

(e) Apply constants to (3) and verify by testing other shells.

For improved accuracy at the expense of shells, the following procedure
may be used (this is equivalent to the least squares done graphically):

(a) Holding S, t, D and d constant, crush many shells of varying € .
For this case (4) becomes

-logW=clog© +B °*
where B is a constant.

(b) Plot W versus © on log-log paper. The slope of the straight line is
then c.

(c) Repeat a and b for other variables.

Note the possibilities for computer usage on larger problems of this kind.
Simultaneous equations (to be discussed later) are handled twice. Further-
more, the procedure for improving the accuracy is a simple curve fitting
problem. In fact, the whole procedure for dimensional analysis, since

it is well defined, can be programmed for a computer.

The probability of a variable having a certain value is a question which
often arises in engineering. If historical data on the variable is available,
it is often possible to do the necessary predicting. This problem illus-
trates a method for handling normally distributed variables.

Given a table of observed values for a particular variable whose frequency
distribution is assumed to be normal:

(a) Find the probability of a reading being less than any given value of
x, and

(b) Find the probability of a particular reading lying between any two
values of x.
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f(x)

Frequency

The general distribution function is:

1/x-m\2
)

2w

where m = mean
o = standard deviation

The standard normal curve is given by:

-t2/2
e
fty= —
2

Therefore a transformation of variables will allow us to make use of
standard normal distribution function. This transformation is

X-m

t=——r

[on

The probability of a reading falling below a given value of x is given by:

] }f{(x)dx=f ;.(t)dt
- -

h X-m &
where t = P

The probability of a reading lying between x; and x, is:

X9 ty
[ “teax= [ “feat
X1 t1
Xl-m
where 1:1 = |
(o8
Xo=-I
t. =2
2 o
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Exercises

The problem, then, is one of evaluating the integral

b 2

-t
1
—_ 2
'\/21rf e d

a

A table of values of this integral for various values of t (normal areas and
ordinates) is available in any statistics text. In computing, problems of
this type might be tackled in two ways:

1. Store the table in memory.

2. Use numerical approximation for evaluating the integral.

An approximation by Hastings* might be used with the latter approach. It
is

X
~ 2 ~t?
¢(X)=ﬁfe dt for 0 < X < ©
)

1

where o x)=1- 4
[142 %2 %242 x3+a x|
1XTagX ragXray
and
al = ,278393 a3 =,000972

a, = . 230389 a, = . 078108

1. Write a FORTRAN-language program to perform table lookup with
linear interpolation for a tabulated function of two variables as
described under "Functions of Multiple Variables."

2. Evaluate the coefficients for the linear least squares fit

y =2, tax

for the following table of data

*Approximations for Digital Computers by Cecil Hastings, Jr.,
Princeton University Press, 1955.
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y X

14.0 64.

13.9 54,

13.5 55.

13.4 56.

12.6 46.

12.6 51.

11.8 42.

11.4 47.

11.3 48. T
10.5 35.

10.3 44.

10.3 29. -
9.3 31.

7.6 14.

*3. The distribution in measured diameter of the dirt particles normally
deposited in a carburetor sediment bowl is a normal one.

For a mean of .0025 centimeters and a standard deviation of .0002, find
the probability of a dirt particle being greater than .0027 centimeters in

diameter.

Use any statistics text for necessary tables.
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SECTION VIII: OPERATIONS RESEARCH

The reason for including this as a topic of engineering analysis for com-
puters is that often the technical personnel of a company will be turned to
for answers concerning the mathematical aspects of Operations Research.
Books have been written on each of the subjects to be mentioned. The
intention here is merely to present examples in such a way as to make
possible the recognition of problem types as they occur.

Operations Research can be thought of as the application of scientific
methods, techniques or tools in the management decision area. It attempts
to present a clear picture of the system under study and at the same time
predict the consequences of alternate sets of actions — in other words,
show the best decision. Methods for attaining either or both of these

goals require knowledge of the system. Managed systems are, in general,
complex, which means that vast amounts of data are required to describe
these systems. Manipulation of this data to attain the stated goals gen-
erally requires a computer.

OR seems to be at the '"clear picture' stage at the present time. The more
complex problem of "prediction' has been hindered by the fact that

1. The mathematical and logical methods employed by OR are unfamiliar
to those most intimately concerned with the problems (the executives).

2. The historical data describing the system does not exist in proper or
even intelligible form.

However, consideration of the prediction level of OR while working on the
clear-picture level has the following benefits:

1. Creating a clear picture of a system results in the organization of
data into intelligible form. This data can later be used at the pre-
diction level of analysis.

2. Consideration, even without use, of more advanced techniques often
gives a better understanding of, or 'feeling for,' a system.

Almost any procedure for presenting data to an executive can be thought
of as part of the clear-picture operation. However, the computer allows
concise data handling in many new areas at reasonable costs. Some of
these are:

1. Graphic presentation of parts failures in the field, showing effect of
engineering changes on failures, failures per unit of operation, fail-
ures as a function of production group, etc., on a day-to-day basis.

2. Presentation of historical data concerning use of spare parts in the

past so as to gain some insight into what an "all-time production' of
a spare part should be.
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3. Creation of a weekly report to a supervisor, showing jobs assigned to
his shop, estimated time for each job, group within shop to which it was ‘1\
assigned, actual time for completed jobs, and year-to-date figures for
number of jobs assigned to each group with totals for estimated and actual
job times. This would allow analysis of each group's performance.

What are some of the prediction techniques presently being employed?

1. Linear Programming: This technique may be used on any system
which may be represented by a set of linear equations.

There may be more variables than equations and therefore an infinite
number of solutions to the set of equations. The object of linear pro-
gramming is to find a particular solution which will optimize (make
maximum or minimum) another linear function (usually a profit or
cost function). This technique has been very successful in the blend-
ing of petroleum products and the mixing of grain feeds. It is not un-
usual for the mathematical model of a gasoline refinery to be as large
as 100 equations in 500 variables. The actual mathematical techniques
employed for linear programming will not be discussed here. However,
it is worth noting that the techniques have been refined to the point
where their application can be rather mechanical. That is to say, a
knowledge of the mathematics is not required for successful use of
linear programming.

An important special case of linear programming is the transporta-
tion problem. It may be used to optimize any system for which a com-
modity is available at several sources and is required at several
destinations, and for which the transportation rate for each possible
source-to-destination combination is known. The most economical
shipping assignment will be determined.

2. Forecasting: Historical data is analyzed statistically to enable simul-
taneous forecasting of many interrelated factors of management inter-
est in terms of other known variables that affect them. Although, in
general, the statistical techniques are not new, the computer allows
consideration of many more variables and, therefore, the handling of
complex management systems.

3. Simulation: Here a mathematical and logical model of the system in
question is created. This model is operated according to the normal
rules of the system operation for a specified period of time. Con-
cise data on the results is made available. This gives a picture of
how the system will operate — quickly, and in clear, concise form.
More important, the system may be altered or the rules changed and

the model run again; thus, the effect of alternative decisions can be
tested on paper.

The term "simulation'' was introduced earlier in the discussion of q
vehicle simulation. In the present context, however, the system !
simulated can be a company organization and/or its manufacturing
tools — a much larger concept.
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Some discussion of the techniques of simulation is in order here, since,
while the problems tackled via simulation may be extremely complex, the
basic mathematical eleinents are quite simple.

There are two basic elements of any simulation, the first being the repro-
duction of actual (or perhaps expected) events. This can be done either
by using actual historical data (for example, past sales record by month)
or by using statistical parameters which describe the desired behavior.

To reproduce arrival of orders by size when the past

Frequency
Distribution Curve

Frequency

1 2 3 4 5 6 7 8
Order Size

frequency distribution of order sizes is known, an accumulative distri-
bution curve is constructed as the first step.

100
% of orders
greater in
. Accumulative
size
Distribution Curve
50
hy
h2
0

1 2 3 4 5 6 7 8
Order Size

Using random numbers (generated or taken from a table) to represent the
"% of orders greater in size,' the corresponding order size can be read
from the curve or obtained from a table or equation representing the curve,

This use of random numbers and the accumulative distribution curve will
reproduce the behavior pattern from which the curve was constructed.
Further, each order size will occur at random within the overall pattern.
This is exactly what is desired in simulation.

The second element in simulation of a system is time. Two distinct
approaches have been used here:

109



\
‘L
1. The system is reviewed at definite intervals of time and all activities

are updated at each review., A disadvantage of this approach is that
for intervals of review, no activity may have occurred. However,
many systems with natural periods can be simulated nicely using this
procedure. Simulation of inventory and truck fleet operations fits this
pattern.

2. The system is reviewed only when something important happens. These
important points in time may be recorded in a time status record
(TSR). Initially a distribution-of-events curve is consulted for the
entry to the TSR. Subsequently each time an entry to the TSR is han-
dled by updating the activity, the first step is to sample the events
distribution for the next TSR entry.

Job Shop Simulation

A job shop is distinguished from an assembly-line shop by its flexibility
in processing articles of manufacture. The amount of time required for

a given operation varies from article to article and the route of operations
varies from article to article.

Important advantages may often be realized through simulation of a job
shop on a computer, considering such things as machines available, labor
available, operating costs, fluctuation in orders, priority of orders,
operating rules, etc. Records of order completions, in-process inven-
tory, and waiting lines in front of machines can be maintained. The effect
of proposed changes in the physical plant or operating rules may be pre-
tested using such a simulator.

A short description of the logic which goes into the simulation of a single
operation job shop will illustrate the basics of this type of simulator. It
illustrates the use of probability distributions and the time status record
approach of handling the time element.

The logic diagram for a single operation job shop might be as follows:

Finished
F

Operation
A

Pieces Arrive

The information required to simulate this system would be:

1. The probability distribution of time between the arrival of pieces.

2. The probability distribution of operation time per piece.
The results desired would be:
1. The number of pieces which can be completed per unit time.

2. The amount of idle time experienced per unit time.
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3. The average waiting time per piece.

On the basis of the two probability distributions, a time status record is

generated which guides the simulation program.

nipulating the model is shown in Figure 15.

START
Piece is Piece
completed arrives for
in A service
Sample for
Move piece next arrival
from AtoF and record
in TSR

Is
a piece in
w

Move piece Place piece
from Wto A in A

v

Sample for

operation time
and record
in TSR

The procedure for ma-

Place piece
in W

Check
TSR for
next event

Arrival
of piece

Operation
Completion

Figure 15. Job Shop Simulation
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Two curves which might represent the required distributions are shown
in Figure 16 along with a short, random sequence of numbers. Figure 17
shows the time status record, and the associated recordkeeping which
might be performed by the computer in simulating the operation.

The conditions for beginning this simulation are:

(a) Line 1 represents the status of the one operation shop at the beginning
of the day.

(b) Lines 2 and 3 are entries to the TSR made during the previous day.

(¢) Lines 4 and beyond represent entries generated during this day's
simulation.

(d) The simulation of this day's events begins at 9:00 a.m. (the first event)
and can be followed in the logic chart beginning at the point marked
START.

This simple statistical technique for accomplishing simulation can be used
for a wide variety of operations research problems.

100

Random
Sequence
50 46
98
74
05
97
12
64
etc.

Time Between Arrivals (min)

100

50

1 ! i
1 v ¥ !
30 60 90 120
Operation Time (min)
Figure 16
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TIME STATUS RECORD

Random table
TIME EVENT w A F ZW number used for
next event's time
1 | 8:00 1 1
2 | 9:00 Arrival 2 1 1.0 46
3 }9:30 Completion 1 1 1 2.0 98
4 9:45 Completion 0 1 2 2.5 74
5 10:00 Arrival 1 1 2 2.5 05
6 | 10:30 Completion | 0 1 3 2.75 97
7 | 12:30 Arrival 1 i 3 2.75 12
8 | 12:45 Arrival 2 1 3 3.00 64
Figure 17

Inventory Control

Inventory control is important to industry for sizable dollar reasons. It
is an important area of effort computer-wise because (1) much of the
recordkeeping required for inventory control is presently being done by
data processing systems, and (2) many problems of inventory control can
be tackled by those mathematical treatments which are greatly facilitated
by use of computers.

Inventory control, from a data processing viewpoint, is best broken into
two distinet procedures:

1. Forecasting the future sale of items from inventory.

2. Use of the resulting forecast figures in a control procedure which will
maintain that level of inventory which best meets the requirements laid
down by management operating decisions.

To take a hypothetical company in order to illustrate a possible study of

these two areas, assume that the Best Parts Company has a central ware-

house which supplies retail dealers. The situation contains the following
factors:

1. The inventory status must be reviewed each week. Total sales for each
item are recorded and needed replenishments of stock are ordered at

each review.

2. In practice, all replenishment orders to the plant can be filled within
a lead time of 1 1/2 weeks.

3. The activity of different parts varies greatly.

4, There are no largely seasonal parts.
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5. Two years of sales records are available. This record gives the
total sales of each part for each one-week period.

Best Parts Company management believes that it can improve the control
of the inventory in one or more of three ways: (1) reducing inventory,
(2) reducing out-of-stock conditions, and (3) giving simpler processing
of control information. ‘

A study of the control procedure is initiated with the understanding that
the computer facility, with whatever new techniques available, may be
used. The study takes the following form:

Forecasting

Four approaches to arriving at the forecast sales to retailers for each
part are considered:

1. The use of linear regression in finding a prediction relationship of the
form

Forecast Sale = a, + 21Xy + agXg + —==- apX,

where the x's may be factors felt to correlate with or influence the
sales, such as gross national product, number of people in $5, 000 -
$10,000 income bracket, etc. This approach requires extensive
analytic effort, much diverse data, and large amounts of computing
effort.

2. Classical time series analysis gives a forecast based only on analysis
of previous sales data. The linear trend line of the form

Forecast Sale =a + bT

where T is time in sales periods, requires only past sales data, but
considerable computing for fitting of a and b.

3. A common practice in industry is to use a moving average for sales
forecasting. The formula for a four-week moving average is

Fr+1 - Sr + Sr—l * Sr-z + Sr-3

4

where F_ . is the forecast sales for week r+1 and the S's are the
actual sales for the previous four weeks. This method is simple,
data-wise and computation-wise. A major disadvantage is that it does

not generate statistics which are found important in the control pro-
cedure — in particular, the statistic called the standard deviation of
actual sales from the forecast. Approaches 1 and 2 may generate
this statistic.

4. A weighting technique credited to Robert K. Brown and called exponen-
tial smoothing has gained attention and application in the past few years.
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Forecasting is based, as in the moving average, on past sales data
and requires even less computing. A major advantage is that a sim-
ply computed estimate of the required standard deviation is available
and corrected to the most recent sales review figures.

The exponential smoothing procedure is chosen for study on the basis of
limited available data and limited computing time. The forecast equations
for exponential smoothing may be given as

P. = Pl—l +0< (Si—l - Pi*_l) (Dema.nd)

T;= L (P; - Pi* ) +(1-« ) T;_; (Trend)

P.¥ = Pi + (l__-:-}(—) (Ti) (Forecast)

D; = (Si-l - Pi*—l) + (1 - ) D;_; (Deviation)

where
S;.1 = sales figure for period just ending.
Then
P; = demand expected for next period
T; = trend measure of whether last several periods have seen a
rise or fall
and
Pi* = trend adjusted, final forecast, for next period sales
with

1.25 Di = estimate of standard deviation of actual sales from fore-
cast.

The constant & represents the weighting choice. Without the trend ad-
justment, the demand (Pj) computed will closely approximate the moving

average based on N periods if &£ is chosen as
2
X = N+1

With the use of the trend adjustment, experience has shown that a choice
of X = .1 is most satisfactory.

Control Procedure

The key to inventory control is in the way one parameter is computed.

This parameter is the requirements figure. The requirements figure
must be arrived at in such a way that it relects (1) the knowledge of actual
sales, so that stock is available to meet the demand, and (2) management's
ideas of what is adequate by computing the proper stock level, within a
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defined approximation, so that out-of-stock conditions are kept below a
set level. ‘

This implies that management must set the level for out-of-stock condi-
tions — and this is true. The familiar quality decisions such as ""we must
have few out-of-stock conditions" or "we must reduce inventory" must be
replaced with decisions such as "an average of 5% out-of-stock is to be
our goal."

Literature is available on methods of arriving at a proper out-of-stock
percentage figure which tends to minimize inventory operating costs for "
particular inventory situations.

In this example, the management percentage level figure is assumed .
available,

One approach to defining the necessary requirements equation is to con~
struct an inventory model similar to that shown below. This model assumes
the following "ideal" conditions:

1. It represents a possible inventory level as a function of time for one
item.

2. The sales are linear — the same sales figure for each period.

3. The sales in each period are exactly the amount forecast for that
period.

4. The lead time is 1 1/2 review periods (lead time being the time be-
tween generation of an order and actual receipt of replenishment
stock).

The graph begins at a point in time where the actual inventory is
exactly at the requirements level.

Requirements Level

Forecast 4—————Book Inventory
A
. -
>
A
'S Lead
g x
g £ Actual I t
5 orecast < ctual Inventory
AN
(o] ll\_ _? ZF A A
Review Lead h—
Safety 4 | Time Time \\]
Time
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The upper curve represents the inventory actually in the warehouse
at any given time plus the inventory on order.

The graph shows that for a requirements figure computed strictly in terms
of the forecast and the lead time, zero stock conditions are to be expected.
Since the Best Parts Company knows that it is not operating under 'ideal"
conditions (sales fluctuate from period to period), a safety stock is needed.
The final requirements equation then is:

R; = Pj* + Lead - Pj* + Safety
The Safety Stock Calculation

Reference must be made here to the discussion of probabilities in the
chapter on empirical relationships. If a frequency distribution of errors
in the forecast over a period of time is plotted, it might look like Figure
18 (assuming a normal distribution).

The accumulative area under the curve, as we move from left to right
along the error axis, represents the probability of the error in forecast
being equal to or less than the corresponding value of the error.

Frequency

Error
(Forecast — Actual Sale)

Figure 18

If the shaded area in Figure 18 represents 5% of the total area, then only
5% of the time is the error in forecast greater than four units.

Therefore, if four units are always added to the inventory stock require-
ments, the out-of-stock conditions should occur only for errors larger
than four units — or only 5% of the time.

For computational purposes, the same proper error value for a stated
probability may be obtained by using the transformation equation:

t — X-m
o

where for this use
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t = value corresponding to required probability level and is taken
from the tabulated values available for the normal distribution

x = desired error value

o = standard deviation of error

m = mean of the errors (in this case m = o)
Then

x=0t

and since 1.25 D;_; is an estimate of o, the safety stock required may
be computed as

x = 1.25 Dy *t

The value of t corresponding to a probability level allowing 5% out-of-stocks
is 1.65. The final requirements equation to be used by Best Parts Com-
pany is

R; = P,* + Lead - Py* +1.65 - 1.25 - Dj

Note that the statistic D, like all the other quantities here, is computed

for each item in the inventory. The requirements figure for an item level
is thus dependent on that item's own past sales behavior. Items with steady
sales will have small safety stocks. Items with widely fluctuating sales will
have large safety stocks. This may often make possible the seeming para-
dox of reducing overall inventory and at the same time reducing out-of-stock
situations.

This completes the two basic selections needed in establishing an inven-
tory control procedure — a forecasting technique and a requirements com-
puting technique. All other quantities relating to inventory control can be
computed each period in terms of the forecast and the requirements. For
example, the replenishments equation for the inventory might be given as:

ORDER = REQUIREMENTS - ON HAND - ON ORDER

This procedure requires extensive testing before it may be successfully
initiated. One way of accomplishing this testing is to simulate on a com-
puter what would have happened if the procedure had been used over some
time interval in the past. A simulation of inventory control has two basic
elements: actual events and time., Actual sales data (quantity of sales

of each item or each period in the time interval) is all that is needed to

satisfy the reproduction of actual events elements.  The normal use of a
review period in inventory control makes it a natural for the use of re-
view at intervals in handling the time element.

A logic flow chart for a computer program to simulate the inventory model
for a single inventory item is shown in Figure 19.
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RC; = Receipts for Period i

KEY

OR; = On Order Total

OH; = On Hand Beginning

N
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Period i
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= Lead Time in
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An important result of such a simulation is the data needed to prepare
charts similar to that shown in Figure 20. |

X Period Sales \

4 O On Hand
v A
A Requirements = On Hand + On Order A e \\‘A'"‘A
} - -
] A
PAN -
A“--A\\A/” T~
*
1 1 1 1 1 1 1 1 1 [ ]
1 2 3 4 5 6 7 8 9 10 11 ——

Periods Ending
Figure 20

A graphic display of this kind, showing what will happen if a procedure is
adopted, represents an excellent pretesting of the practicality of the pro-
cedure.

Linear Programming

Mathematically, linear programming is finding a solution of a set of
equations similar to:

a11X] +ajgXg +aj3xg +ajqxg +a15%X5 =bg
891X + agoXy + AggXg + AguXy + AgpXs = by

ag1X) T aggXy +aggXg + ag X, +ag.X, = by

in which we have more variables than equations, and therefore an infinite
number of solutions.

The particular solution chosen is the one which maximizes or minimizes
an additional equation (generally a cost equation) which might look like:

cost = c1%Xq + CoX, + CgXg + C4Xy + CsXg
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Any system (either physical, such as a petroleum refinery, or operational,
such as work assignments, or a combination of both) which may be de-
scribed in terms of linear relationships may be studied by linear program-

ming.

Many relationships which are not linear may be approximated by combi-
nations of linear segments as illustrated graphically in the accompanying
figure. v v&
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Much of the present-day power of linear programming is due to its having
been taken out of the hands of the mathematicians and reduced to a fairly
common engineering procedure. Rather than working with sets of equa-
tions, the engineer works with an array or matrix which is the format re-
quired for entering data to the computer. In place of mathematical opera-
tions in creating this matrix, the engineer employs straightforward rules.

g
2
Alkylate | Base | Butane | Reformate | Reformatc| Crude |Crude [Lead [Lead [Lead [Excess §
Stock One Two One Two |One [Two [Three ?,‘.
o
5.0 5.0 5.0 5.0 4.80 4.60 -2.80 | -3.10 {-.092 [-.092{ -.093 -10.0
1 .3 -.7 -.1 -.09 -.1 -.3 -1 -.3 -7 0
2 .8 .3 .248 -.7 -.7 0
3 1.0 -.5 -1.0 2.6 -2.0 -2.0 . 0o
4 1.0 1.0 1.0 .1 1.0 1.0 -1.0{1.0
5 -1.5 -1.5 -1.5 -.15 -1.5 -1.5 1.0 0
6 -1.0 -1.0 -1.0 -.1 -1.0 -1.0 1.0 o}
7 -.5 -.5 -.5 -.05 -.5 -.5 1.0 0
8 Reformer Charge .11 1.25 -.15 -2 .5
9 Reformer Capacity| 1.11 1.25 .05 .6
10 .1 -.03 -.04 -.01 .05
11 1.0 <1 -.15 .15
Figure 21,

A look at the array in Figure 21, which represents a complex problem to
be optimized, will illustrate the use of such rules.

This array represents the statement of the problem to be optimized. The
objective will be to determine a recipe for blending available petroleum
components to obtain a motor fuel meeting several specifications — and
return maximum profit to the refinery.

Each horizontal row in the array represents a restriction (equation) — and
each vertical column a variable. The actual numbers in the array are
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coefficients which would appear in the corresponding set of linear equa-
tions which are required to describe the problem mathematically. The
variables are the components to be blended. The restrictions may be of
two types: -

1. Quantity restrictions — for example, where the amount of motor fuel
to be produced is restricted.

2. Qualitative restrictions — for example, where the Reid vapor pressure
of the resulting fuel is restricted.

Line 4 in the body of the array is read: 1.0 times amount of straight run
gasoline to be used in the blend, plus 1.0 times amount of alkylate to be
used in the blend, plus---=-----= , minus 1.0 times excess motor fuel,
must be equal to the 1.0 barrels of motor fuel which is required. The
coefficients can be entered to the array without ever putting down the
equation stated above for this quantitative restriction.

Row 1 represents the representation of the octane number restriction.
The refinery sets a minimum level for the resultant octane number. In
this case, let the minimum specification be S and let the actual octane
ratings of the variables Xj to be blended be I; for i = 1,2 ——===-—~-- n
where n is the number of variables.

The assumption is that the resultant blend octane rating will be a weighted
average by volume of the individual specification or:

S+P= ) ILjiXj
~i=1
n
> X

i=1

where the P allows for the weighted average to be greater than the mini-
mum specifications. A suitable form of the above equation is:

n

n
Y B-IpX+P Y Xj=0
i=1 i=1

n
The term P Z X; is called the slack.
i=1

Note that the coefficients for each of the variables is to be S-Ij or the

minimum specification minus the individual specification.

This charactéristic allows two rules for automatically entering coefficients
into an array to handle most quality restrictions:

1. The magnitude of the coefficient is to be the absolute value of the
_ difference between the required specification and the individual speci-
fications.
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2. The sign of the coefficient is chosen positive if the individual specifi-
cation exceeds the required specification, negative if the individual
- specification is below the required specification.

Linear programming codes exist for most of the digital computers in
commercial use. Once the array has been determined to adequately de-
scribe the system under study, the data represented by the array is pre-
sented to a computer along with the linear program.

The output to be expected from the optimization computation is:

1. Variable activities. This is a list of those variables chosen to satisfy
the restrictions. With each variable is given the amount of the variable
to be used in the resultant product.

Many linear programs also indicate the range, if any, through which
this amount may be varied, leaving the solution at a maximum or
minimum as the case may be.

2. Shadow prices. For those variables not selected as part of the solu-
tion, an indication of the reason is given by the shadow prices. The
shadow price for an unselected variable represents the cost of forcing
one unit of the variable into the solution, considering the adjustments
that would be necessary on other variables to again satisfy the stated
restrictions. Again there is often indicated a range through which
the cost or profit coefficient for the unselected variable may be moved
without removing the optimization.

Results of linear programming computation are used as a recipe for
day-to-day selection of alternatives in such diverse areas as gasoline
blending of available stocks, mixture of grain for feed, blending of
meats for sausage, and slitting of paper rolls and fabric stock.

The technique is also used on a study basis to aid long-range planning
in the selection of refinery crude stocks, the selection of machine
components in process industries, the scheduling of machine loads,

- and other areas.

SUMMARY ON OPERATIONS RESEARCH
As a brief summary of Operations Research, there are three techniques
which have gained considerable acceptance and use in the study of man/

machine systems: linear programming, forecasting, and simulation.

Linear programming computes the optimum choice of decision alterna-
tives for a linear system within the available definition of that system.

Forecasting by statistical means has important uses in long-range plan-
ning and in day-to-day control of such things as inventory.

Simulation may be used to study systems thus far undescribed mathemat-

ically, by reproducing the logical operation of the system in testing alter-
nate decisions.
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Exercise

A company would like to simulate the operation of a fleet of trucks

1.
which deliver from one factory to many parts of the country. The
delivery is to be made for one product. The company has the follow-
ing data which is important to the simulation: '
Day ‘ Number of Orders
‘ ‘ (Units of 1 Truckload) -
1 160
2 A 97
3 - 115
4 - 40
5 ‘80
150 ‘ 102
Number of Days Number of Times
Required to Deliver ' This Period Was
and Return Required
1 200
2 500
3 700
4 2000
5 4000
6 5500
7 3500
8 3000
9 500
10 300
11 40
12 0

a. Sketch the distribution curve which might be used in simulation of
the receipt of orders.

b. Sketch the distribution curve which might be used to determine the
length of time required to deliver each order (turnaround time)
during the simulation. '
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The company would like to determine the best number of trucks to use
to satisfy the delivery requirements while keeping the truck fleet cost
as low as possible.

The company estimates that it costs D dbllars to maintain and operate'
one truck each year, and that the cost of back orders in terms of future
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sales lost is:

C = ANj + BNy
where A and B are constants, Njp is the number of back orders not
more than seven days old, and N is the number of back orders over
seven days.
Deliveries may be made every day of the year.
c. Draw a logic flow chart of a simulation program to operate for one

year, which the company might use to determine the optimum num-
ber of trucks to maintain in the truck fleet.



APPENDIX I: ANSWERS TO SELECTED EXERCISES

Section II

[ C FOR COMMENT

YSaTE FORTRAN STATEMENT
) sle|7 10 i 20 25 30 35 4 45 50 55 0 65 0 72
'C i EXERICIS‘E T4 1 1 1 1 1 1 1 I 1 L
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vouEees FORTRAN STATEMENT
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Ir(8)3,3,2 ) N . . . . \ . . . .
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3 lc=4-8 . . . . . ) . . . . . .
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—— C FOR COMMENT

[¥ersenes FORTRAN STATEMENT
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Section III

—— C FOR COMMENT

vSUmaeTlE FORTRAN STATEMENT
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EXERCISE 6

Generalized flow chart to compute F(x) = a1 x2 o+ azxn'l—-—-+a.n +1
READ
N, A;
I=1,2---,N+1

— ]

l

Set
I=1
F(x) =0,

Y

Compute Step
F (x) =F (x)-X + A; I=1+1

®

PRINT
X, F(x)
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Section IV

— C FOR COMMENT

e FORTRAN STATEMENT
1 51617 10 15 20 25 30 35 40 45 50 55 65 70 72|
A LEXERCISE 4 1 1 L 1 L 1 L 1 .
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2 |SUMZ=SUMBZLY | | : ! . ) L o ! L
e L2 L \ . \ by ; . . . . L
3| [ X=X+.25 | L ) L | N \ ) ) . )
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Section 4. Exercise 4
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Section V

EXERCISE 3

The initial conditions may be used to complete the solution at t = 0.

Succeeding values for the variables and their derivatives may be obtained

by two-level iteration.
solution too{ =t + sin « t.
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Set

o« o
n T T

v

Set
*
o q Tex i+l

Compute
Xp=Xp gt (g)n_'1 ot
Ya =Yool +(:_:’)n-ll o
dy & a2
(G- (?a%)n.x +(d?y)n-'1 ot

(a-p- -,

n

d dx
() -7 s,

O~

STOP

For each value of t, iteration is used to find a
The following logic diagram makes this clear:

Complete
initial solution 0
Let n=0,1, 2, 3 ---—- Dax
n=0 At
Step l-‘(-(]):a(i-t-sixmtitll
the1 =ty +AL ,
Set F'(e)=1-coseu, t
Ayt el e
0="n

i=0,1,2, 3, 4--n



Section VI

EXERCISE 2
Inverse is
-4 4 -1
4 -5 2
-1 2 -1
EXERCISE 3
X = 2
x2 =
Xg = 9
EXERCISE 4
Y.
37
31 |33
28 [29 |30

28 |28 28 28

28 |28 28 28 27

41

34

29

26

25

Solution is

X =3
X2 ==3
X3 = 2
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Section VII
EXERCISE 3

t=x—m = .0027 - ,0025 =1.0
o .0002

for t = 1.0, from table of probabilities
(¢ o]

2 f +2/2
Now.t e dt = .1587

2Ty 5
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APPENDIX II :

BIBLIOGRAPHY

The Data Processing Bibliography (form J 20—8014) provides abstracts of
several excellent texts on numerical techniques, scientific applications
and related subjects in the field of data processing. IBM publications of
interest to the engineer include:

Prograrhmer's Primer for FORTRAN Automatic Coding System for the
IBM 704 Data Processing System (F28-6019)

Random Number Generation and Testing (C20-8011)

Flow Charting and Block Diagramming Techniques (C20-8008)
Introduction to IBM Data Processing Systems (F22-6517)

Inventory Management Simulation (E20-8063)

AUTOPROMT — Automatic Programming of Machine Tools (E20-6104)
Production Line Balancing at Westinghouse (E20-4037)

PERT — A Dynamic Project Planning and Control Method (E20-8067) |
Optimum Shop Scheduling and Machine Loading (E20-4044)

Quality Control (320-0955)

Improved Job Shop Management through Data Processing (E20-6071)
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