
































































































(3) A function f such that 

in the convex domain of definition of f. (4) The 
negative of a convex function. 

Condition of a matrix. --A convenient measure is the 
absolute ratio of the largest to smallest nonzero 
element--the larger the ratio, the less well­
conditioned the matrix. An ill-conditioned matrix 
may behave digitally as if it were singular. Math­
ematically, a matrix is said to be ill-conditioned, or 
badly scaled if the absolute value ratio of the largest 
to smallest eigenvalue is large. 

Constant vector. --The right-hand sides of the set of 
linear inequalities; the B-vector. By convention the 
linear relations of an LP problem are so arranged 
that all variables and their coefficients appear on 
the left, and the column of constants appears on the 
right. 

Constraint. --An equation or inequality relating the 
variables in an optimization problem. A feasible 
(primal) solution must satisfy all the constraints 
including column-type restrictions (bounds, non­
negativity, etc). 

Constraint matrix. --In linear programming, the 
augmented matrix of the constraint equations. It is 
the matrix formed by the coefficient columns, or 
left-hand Sides, and the column of constants. 

Control language. --The language used to prescribe 
the course of a linear programming run on a com­
puter. The language consists mainly of verbs 
(agendum names), which call in a body of code 
(program or subroutine) embodying the desired 
algorithm for execution. 

Convergence of an algorithm. --An algorithm is said 
to converge if it is certain to yield its solution in a 
finite number of steps. It is a much stronger re­
quirement than the mathematical convergence of the 
sequence of obtained function values. 

Convex function. -- (1) Geometrically, a function whose 
graph is never above the chords i oining two points 
on the graph. (2) A convex constraint with respect to 
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the objective function is one where the value on the 
constraint is never "worse" than the value on the 
chord. Thus, any degree of accuracy can be ob­
tained by making a sufficiently fine piecewise linear 
approximation. (Note that some functions are neither 
concave nor convex.) (3) A function f such that 

in the convex domain of definitions of f. (4) The 
negative of a concave function. 

Convex programming. --Optimization of a convex 
function over a convex region (set). Linear pro­
gramming and quadratic programming are special 
cases of convex programming. 

Convex set. --Geometrically, a set of points (region) 
, that contains all the points on the line segment join­

ing any two points of the set. A point which does not 
lie on any line segment joining two other points of the 
set is called an extreme point or vertex of the set. 

Cost function. --The objective function of a cost 
minimization program. 

Cost range. --The objective function interval of a 
basic solution variable in which the basis is opti­
mum. A change in the objective function of the 
variable which is outside that range would force a 
change in the basi$ to preserve optimality. 

Cost row. --The row of objective function coeffi­
cients (the cost of a unit of activity) of a cost 
minimization linear program matrix. 

Coupling equations. --When some of the constraints 
involve only the variables {X} and some others 
involve only the variables {Y}, the remaining 
equations involving both {X} and {y} are called 
coupling equations. The master problem would be 
composed of coupling equations in Dantzig-Wolfe 
decomposition. 

Curtain. --A method to give preferential treatment 
to a selected group of vectors which are thought to 
comprise an advanced or optimal basis. The 
selected group of vectors lies within "curtains. " 
Curtains are usually activated by a control card. 



Cycling. --A degenerate situation can arise (but is 
very rare) in an application of the simplex algo­
rithm. The computations proceed endlessly 
through a cycle of values with the same level of 
obj ectiv e function. 

dj. -- Notation occasionally used for an evaluator or 
Ilreduced cost" (q. v. ) as contrasted with Cj' which 
represents the actual cost. When feasible and when 
using the modified or Kuhn-Tucker simplex array 

d. = Ct.! where F is the functional row and Ct.
J
! is the 

J J 
functional row of coefficients in terms of the cur­
rent basis. The d. 's are also the values of the 
slack variables of lhe dual problem. Note that the 
d. of a primal logical vector is ± the 11' - value of its 
a~sociated row. 

Decomposition. --A means of increasing the capac­
ityand at times the efficiency of computers for 
certain types of linear programs. Two main 
schemes of decomposition have been developed: 

Dantz ig-Wolfe Beale 

M J S1 

S1 S2 

S2 S 
L 

3 

S3 
S 

S4 4 

~ --- EJ 
where Si stands for the ith subprogram, M stands 
for the master problem consisting of the equations 
coupling the subproblems, and L stands for the 
"linking matrix" of variables linking the subprob­
lems. Thus, linear programs which qualify for 
decomposition are those in which subprograms 
can be split off from the main body of constraints 
or variables, with each subprogram involving only 
some of the variables and with no variables common 
to any two subprograms. At each step of the algo­
rithm each subprogram is solved as an individual 
linear program, relative to a suitably chosen 

objective function, or RHS. These solutions are 
averaged or "blended" into a solution for the total 
program. The overall solution is tested for 
feasibility and optimality, and if nonfeasible or 
nonoptimal, a new stage is developed with improved 
feasibility or lower cost. 

Degeneracy. --A special or limiting state or con­
dition, usually produced by a zero value for some 
parameter or combination of parameters. In an 
m -constraint linear programming problem, the 
term is reserved for the case where a basic solu­
tion has fewer than m nonzero components. Such 
degeneracy arises directly from a tied situation in 
the previous iteration, in which the chosen entering 
variable has caused the value of two basic variables 
to reach zero simultaneously, although only one 
would leave the basis. 

Degenerate solution. --In linear programming, a 
basic solution in which at least one basic variable 
has zero activity. 

Delta. -- The "Kronecker delta" (q. v. ) -- the Rth 
row or column of a unit matrix. 

Density of a matrix. --The proportion of nonzero 
elements in the matrix. In an m x n matrix (aij ), 
the formula is 

count of nonzero aij'S Density = ____ -:::::-:=--_____ _ 
mn 

Structural density accounts for the structural 
matrix only, whereas gross density adds the non­
zero elements of the logical vectors and divides by 
m(m +n). 

Departing variable. --The basic variable that be­
comes nonbasic in the LP iteration; also called 
"leaving vector", or "vector out". It is the vector 
that corresponds to the pivot row position in the 
basis. 

Dickson-Frederick pricing criterion. --A proce­
dure for choosing the pivot column in the perform­
ance of the simplex method. It eliminates the 
effects of scaling of the problem data by choosing 
that column j, (dj , ex ij' ... , ex mj) where dj is the 
reduced cost and exij the corresponding transformed 
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entries, for which dj is negative and df IF (a i;)2 

is maximal, where (aij) denotes the "posi-
tive part" of a if 

Digital error. --Rounding, or truncation, error in a 
digital computer which becomes especially serious 
with ill-conditioned matrices. 

Direct problem. --The primal linear programming 
problem as originally stated, as contrasted with 
its dual. 

Double iteration~ --A stage in a multiple-pricing 
algorithm when two vectors enter the basis with 
but a single pass through the matrix. 

Double pricing. --An algorithm which chooses two 
candidates to enter the basis on a single pass 
through the matrix. 

Duality theorems for linear programming.--
1. Main theorem: If both the primal and dual 

problems have a finite optimum, then the optimum 
values are equal. 

2. Corollary: If either problem has a feasible 
finite optimum, then so does the other, and the 
optimum values are equal. 

3. Corollary: A feasible but unbounded solu­
tion to one problem implies no feasible solution 
for the other. 

4. Corollary: No feasible solution to one prob­
lem implies that the other is either unbounded or 
infeasible. 

5. Weak theorem of the alternative: A variable 
and its complementary slack are not both nonzero. 

6. Strong theorem of the alternative: Among 
all alternate optima, at least one solution exists 
in which a variable and its complementary slack 
are not both zero, and the one of the pair that is 
zero in this solution is zero in all alternate 
solutions. 

Dual problem. --Let the original or direct linear 
programming problem be that of determining non­
negative values of Xl' x2' •.. , xn so that 

z = c1 Xl + . .. + cn~is minimized subject to 

n " 
2: a~ Xj ;;;::bI 

(i = 1,2, ... ,m) 
j=l J 
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The dual problem is defined to be that of determin­
ing values of wI, w2, ••. , wm , so that 

11m m" "" d b" t t z = b w + .•. +b w IS maxImIze su Jec 0 

m 
2: af wi ~ Cj (j = 1,2, ... , n) 
i=1 

Dual simplex algorithm.--Starting with a dual­
feasible solution, the algorithm selects the most 
infeasible vector to leave the basis and then com­
putes which vector must enter to maintain dual 
feasibility. As a consequence of this change of 
basis, other variables may become primal infeas­
ible, but since the objective value changes mono­
tonically toward optimum, the algorithm is finitely 
convergent. It is exactly the primal algorithm 
applied to the dual problem. 

Dual slack. --The level of the slack variables of 
the dual problem is given by the primal evaluators 
(reduced costs, dj ' s). 

Dual solution. --The optimal solution to the dual 
problem (which is necessarily obtained in solving 
the primal problem, but which may not be printed 
out). Dual solution may be interpreted as the 
optimum set of marginal values and reduced costs 
(dj) for the primal problem. 

Dual variables. --The variables of the dual prob­
lem. Their coefficients are the rows of the 
primal problem. The optimum values of the 
structural dual variables and the column relation 
slacks are made up, in the language of the direct 
problem, of the marginal values and the reduced 
costs, respectively. 

Dual variable-type restriction. --A type of re­
striction-- free, non-negative, nonpositive, fixed-­
on each variable (matrix row) of the dual problem. 
The dual variable-type restrictions correspond 
one-to-one with the row relations as follows: 

i> ~"ii i 
1(" < 0 (free) ~ L..Jaj x = b (equal) 

1(" i ~ 0 (non-negative) ~ L:a; xi ~ b i 

(less than or equal) 

1(" i ~ 0 (nonpositive) <==> L: a; xi ~ bi 

(greater than or equal) 

" F ". " 
1(" 1 = S (fixed) ~ L: a; ~ ~ b 

1 
(null) 



Dynamic programming. --A method for optimizing 
a set of decisions which must be made sequentially. 
Characteristically, each decision must be made in 
the light of the information embodied in a small 
number of observables called state variables. 
The incurred cost for each period is a mathe­
matical function of the current state and decision 
variables, while future states are functions of 
these variables. The aim of the decision policy 
is to minimize the total incurred cost, or equiv­
alently the average cost per period. The mathe­
matical treatment of such decision problems 
involves the theory of functional equations, and 
usually requires a digital computer for imple­
mentation. 

Econometrics. --The application of mathematical 
estimation and inference techniques to economic 
data, in order to set the levels of economic 
parameters and to verify or disprove economic 
theorems. 

Element. --(1) A member of a population or set; 
(2) an individual coefficient, such as all or a27 , in 
a matrix. 

Elementary matrix. --A unit or identity matrix ex­
cept for one unique column or row. The inverse of 
a nonsingular elementary matrix is also an elemen­
tary matrix. This inverse is often called a "trans­
formation matrix" (q. v.). 

Entering variable. --The nonbasic variable chosen 
to become basic in the iteration. Its associated 
vector, when expressed in terms of the current 
basis, is the pivot column. 

Epsilon (E). --(1) Notation for a tolerance or appro­
priately small number; (2) notation for a change in 
a matrix element, as in certain degeneracy­
correcting procedures. 

Epsilon perturbation. --A technique for avoiding 
cycling (in a degenerate problem). 

Equality relation. --A constraint relation of either 
the primal or dual problem which is an equality. 
The logical (artificial) variable associated with the 
relation has an element of one in the row (primal) 
or column (dual). The logical (artificial) variable 
is fixed at zero level. The complementary variable 
of a primal logical variable is a free (may take on 
any positive, zero or negative value) dual variable. 
Conversely, the complementary variable of a dual 
logical vector is a free primal vector. 

Equation (equality). --A proposition (or relation) that 
a given mathematical function shall be equal to 
another function (often a constant). The process of 
identifying the values of the variables (functional 
arguments) which make the proposition true is 
called solving the equation. 

Equivalent equations. --Two equations or equation 
systems in the same unknowns which have the same 
set of solutions. 

Essential zero. --A"tolerance" (q. v.) about zero such 
that all numbers within that tolerance are set equal 
to zero. 

Eta record. --A physical record consisting of eta 
vectors; usually packed to eliminate zero elements. 

Eta (77 )-vector. --The "product form" (q. v. ) of the 
basis inverse consists of a product of elementary 
column matrices. Columns of these matrices which 
are not unit vectors are called 11 -vectors. The 
successive 11 -vectors and a notation of their position 
are all that is required by the computer to maintain 
the inverse information since the rest of the matrix 
is an identity matrix. When dealing with sparse 
matrices, the product form usually contains fewer 
nonzero elements than the explicit form. Further­
more, since the inverse itself is almost never 
desired, but only the product of the inverse and a 
vector, it is more efficient to recompute the required 
data than to maintain an explicit inverse. 

Evaluator. --A number associated with a nonbasic 
variable at an iterative stage in the simplex method 
of linear programming. Numerically, the evaluator 
6 k is the change in the objective function which 
results when the variable xk is increased from 0 to 
1 and the basic variables are shifted in value so as 
to maintain functional equality. Note that not all 
constraints will necessarily remain satisfied with 
Xk at the 1. 0 level and no change of basis. If all the 
evaluators are non-negative, the current basic 
solution is optimal (yields a true minimum). Also 
called reduced cost, dj , simplex evaluator, dual 
slack, etc. 

Expanded tableau. --The linear programming matrix 
as it appears after the introduction of logical (both 
slack and artifiCial) vectors. It is to be compared 
with the original matrix, which includes the struc­
tural vectors only. The expanded matrix has the 
same length (vertical dimension) as the original 
matrix, but its width (horizontal dimension) is 
increased by the number of logical vectors (one per 
row). 
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Explicit tableau. --A tableau with a specific numeri­
cal value listed for every element (as opposed to a 
function for computing'the values of the tableau, 
such as the product form of the inverse or the 
explicit inverse). A tableau is always in terms of a 
basis; the current basis is understood unless other­
wise stated. 

Extreme pOint. --A point of a convex set which does 
not lie on a line segment joining any other two points 
of the set; also called a "vertex". 

Feasible basis. --A basis such that postmultiplying 
the inverse of such a basis by the constant column 
yields a solution which satisfies the constraints. 
This usually requires that structural and slack var­
iables be non-negative and that artificial variables 
(other than objective row artificials) be zero. 

Feasible solution. --A solution to the constraint 
equations in which all variables satisfy their sign 
restrictions (see "feasible basis"). A feasible 
solution which corresponds to a feasible basis is a 
basic feasible solution. 

Feasibility vector. --A row vector for premultiplying 
a tableau so that feasibility evaluators (in the com­
posite algorithm) are weighted to choose vectors 
which will reduce the sum of the absolute values of 
the infeasibilities when brought into the basis. 

File. --A group of stored data on a tape, disk, etc., 
usually contiguous. 

Fixed variable. --(1) A variable in the problem 
(logical, structural, primal, or dual) fixed at zero 
level for feasibility; (2) a variable to be bounded 
away from zero is sometimes "fixed" at its bound 
in a bounded variable algorithm, so that the trans­
formed variable associated with it is then feasible 
at zero level, thus permitting arbitrary upper and 
lower bounds. 

Forced entry. --The deliberate introduction of a 
nonbasic variable into an optimum basis (displacing 
one of the optimal basis variables), which yields the 
activity level of the forced variable and the change in 
total optimum functional value. 

Ford-Fulkerson problem. -=-The "maximum network 
flow problem" (q. v. ). 
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Formulation of a problem. --The translation of a 
physical problem (for example, how to schedule a 
refinery) into a mathematical problem (maximize 
this function subject to these constraints). It in­
cludes the identification of all the variables, the 
synthesis of the objective function, and the discovery 
of all pertinent constraints, but not necessarily the 
assignment of numerical values to the coefficients 
and other parameters. However, the relationships 
of variables to constraints is usually established, 
indicating the presence or absence of a nonzero co­
efficient for each matrix position. 

Fractional programming. --A class of mathematical 
programming problems in which the objective function 
is the quotient of linear functions. (Clearly a non­
linear programming problem.) 

Free variable. --A primal or dual variable whose 
feasible values have no restriction as to sign. 

Function. --A dependent variable related to inde­
pendent variables such that for some sets of given 
values of the independent variables, values of the 
dependent variables correspond. See also "linear 
function" and" quadratic function". 

Functional. --(1) Generally, a function whose argument 
is another function. (2) In linear programming, the 
cost function or profit function or, more generally, 
the objective function. 

Game theory. --The theory of games is a branch of 
mathematics that aims to analyze various problems 
of conflict by abstracting common strategic features 
for study in theoretical "models"--termed "games" 
because they are patterned on actual games such as 
bridge and poker. By stressing strategic aspects-­
that is, aspects controlled by the participants--it 
goes beyond the classical theory of probability, in 
which the treatment of games is limited to aspects 
of pure chance. Zero-sum, two-person games can 
be solved by linear programming methods. 

Gamma ("Y). -- The updated negative of a change vector 
for parametric programming on the right-hand side. 



Gaussian elimination. --A reduction method for sys­
tems of simultaneous linear equations, in which one 
of the equations is solved for one of the variables in 
terms of the remaining variables. When these ex­
pressions for the solved variable are substituted 
into the remaining equations, the result is an equiv­
alent system with one less equation and one less 
variable. A Gaussian elimination step is exactly 
equivalent to a pivot step. It is a single change of 
basis and can be expressed functionally as premul­
tip lying by the inverse of an appropriate elementary 
column matrix. Sufficient repetition of this proce­
dure can yield the numerical solution in case of a 
nonsingular square system, and a solution of para­
metric form (a linear function of a subset of the 
variables) if the number of variables exceeds the 
number of equations. 

Geometric solution. --A graphic method of solving a 
linear programming problem, by plotting the half­
planes determined by the constraints and the lines of 
constant value for the functional. Its use is re­
stricted to problems with, at most, two structural 
variables. 

Global optimum. --A feasible solution which gives a 
value to the objective function at least as optimal as 
any other in the feasible region. It is contrasted 
with a local optimum, which yields the best objective 
function value of all points in its subset of the feasible 
region. In linear programming a local optimum is a 
global optimum. 

Gradient of a function. --A vector at a point, whose 
direction is the direction of most rapid change of 
some function f, and whose magnitude is the rate of 
change of f in that direction. 

Graphic solution. --A solution obtained with graphs 
or other pictorial devices, as contrasted with solu­
tions obtained by the manipulation of numbers. 

Hyperplane. --An (n-l)-space in n-space; the set of 
all points (Xl ... xn) in n-space whose coordinates 
satisfy some linear equation alxl + ••• + au~ = b. 
For example, a plane is a hyperplane in three- space; 
a line is a hyperplane in two- space; a point is a 
hyperplane in one-space. 

Identity matrix. --(1) A square matrix with diagonal 
elements all unity and all other elements zero. The 
identity matrix (which is frequently denoted by the 
symbol I) plays the same role in matrix algebra that 
unity does in the algebra of real numbers--that is, 
AI = IA = A for any (conforming) square matrix A; 
also, it is the element with respect to which matrix 

inverses are defined--for example, A-I A = AA-l = 1. 
(2) Colloquial: In linear programming, a square 
matrix with diagonal elements all plus or minus one, 
with all other elements zero. 

Implicit prices. --Same as marginal values, shadow 
prices, dual variable levels, etc. --that is, numbers 
giving the incremental worth of a relaxation of one 
unit in the right-hand side of a constraint. 

Increased profit. --The analog of "reduced cost" 
(q. v. ) in a situation where the objective function is 
expressed in terms of profit. Numerically, it is the 
evaluator associated with a nonbasic variable at 
optimality. It is the amount by which the corre­
sponding unit profit would have to be increased before 
this variable could profitably be introduced into this 
basis. 

Incremental cost. --(1) Variable cost (as contrasted 
with fixed costs). It is the increase in total cost 
due to adding, buying, or making one additional unit. 
(2) Applies only to constraints originally stated as 
(2) inequalities. It is the increase in the optimal 
(maximal) value of the objective function which would 
be produced by a decrease of one in the right-hand 
side. It is the negative of the corresponding "mar­
ginal value" (q. v. ). 

Independent equations. --A set of equations none of 
which can be expressed as a linear combination of 
the others. With linear equations, the condition for 
independence is that the matrix (coefficient columns) 
shall be nonsingular or, equivalently, have rank 
equal to the number of equations. 

Inequality. --A proposition (or relation) which relates 
the magnitudes of two mathematical expressions or 
functions A and B. Inequalities are of four types; 
A is greater than B (A>B); A is less than B (A<B); 
A is greater than or equal to B (A2B); A is less than 
or equal to B (A~B). The first two types are called 
"strict" and the last two "relaxed" or "weak". The 
process of identifying a functional argument or range 
of arguments which makes the proposition true is 
called solving the inequality, or obtaining a feasible 
solution to the inequality. 

Inequality relation. --A constraint relation of either 
the primal or dual problem which is an inequality. 
The associated logical variable (of the same problem) 
having its one in the row or column of an inequality 
relation is non-negative if the relation is ~ and non­
positive if the relation is ~. (Note that in some 
codes, with explicit slack vectors in the A-matrix, 
the negative of the logical unit vector is generated.) 
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These logical vectors are often called slacks, as 
contrasted with artificials. A slack level has the 
interpretation: amount of unused capacity, amount 
by which a specification is exceeded, etc. 

Inequation. --Colloquial for "inequality". 

Infeasible basis. --A basis corresponding to an in­
feasible solution. Postmultiplying the inverse of 
such a basis by the constant column, one obtains a 
solution in which at least one variable value is out­
side its prescribed range. 

Initial basis. --The set of column vectors associated 
with the basic variables for which a starting solution 
will be obtained in linear programming. It is often 
an identity matrix or a matrix with plus and minus 
ones on the diagonal, zeros elsewhere, consisting 
only of logical vectors. 

Initial feasible basis. --The set of column vectors 
associated with the basic variables of the first 
feasible solution to a linear programming problem. 

Initial solution. --The first trial solution used at the 
beginning of an iterative-type solution to an optimi­
zation problem. 

Instability. --See "numerical instability". 

Integer programming. --A class of optimization 
problems in which the values of all of the variables 
are restricted to be integers. Normally, the opti­
mization problem without this integer restriction 
is a linear program; additional adjectives indicate 
variations--for example, integer quadratic program­
ming. 

Inverse of a matrix. --An inverse of the square 
matrix A is another matrix B of the same dimension 
such that AB = BA = I, where I is the identity 
matrix. A matrix has at most one inverse. It has 
exactly one inverse if it is square with a nonzero 
determinant. The inverse of A may be obtained by 
extending A by an identity matrix and performing 
pivot steps on A to reduce it to an identity matrix. 
If the same operations were applied to the extension, 
it would end up as the inverse of A. See "product 
form of inverse" . 

Inversion. --(1) An operation on a matrix yielding 
the matrix's inverse. The inversion operation is 
usually denoted by a superscript -1. (2) In linear 
programming, the inversion of a specified basis 
matrix. 

Iteration. --A single cycle of operations in a solution 
algorithm made up of a number of such cycles. 
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J (H). --Notation for the basis headings list. 

Kronecker delta (OR). --A row or column vector of the 
unit matrix where the (+1) element occupies the Rth 
position in the vector. 

Kuhn-Tucker simplex array. --As in the modified 
simplex array, the objective function is changed to 
an equation and added to the rows of the matrix. 
The right-hand side is also brought into the matrix 
as a variable whose level will be fixed at exactly 
minus one. This array has the virtue of symmetry 
and is convenient from a computing standpoint since 
every row and column is treated alike. However, 
row and column relations must be made explicitly 
available; these relations are equivalent to the sign 
restrictions on the corresponding dual and primal 
variables. 

Lagrange multipliers. --Auxiliary variables A!, 
A2 ••• , A h used in optimizing an objective 
function f(X1, x2, .•. , ~) subject to h constraints 

<I> 1 = 0, <I> 2 = 0, ... , <I> h = 0 on the Xi. The pro­
cedure is to construct an auxiliary objective 
function 

obtain the first partial derivatives with respect to 
each ~ and also with respect to each Ai' and set 
these partial derivatives all equal to zero. The 
result will be a set of (n + h) equations in the 
(n + h) variables (Xl' ... , xn ' A1' ... , Ah) 
which, when solved, will include the optimal co­
ordinates of the Xj subject to the given restrictions. 
In linear programming, this procedure does not 
directly yield the solution, basically because the 
full set of restrictions for an LP problem includes 
some inequalities (in particular, the common re­
striction that all va2'iables be non-negative). But 
by substituting (Wj) for {Xj subject to x. ~ 0 } a 
new problem in W 2 can be stated in whi6h all re­
strictions are equalities. This problem can be 
solved by Lagrangian methods, and the values of 
wl will be the optimum values of Xj and the values 
of A i will be the optimum solution to the dual 
problem. 

Left-hand side. --The mathematical expression to 
the left of the equality or inequality sign in an 
equation or inequality. In linear programming, 
by conventio!l, the left-hand side of each constraint 
is the complete linear function, while the right-hand 
side is the constant term. 



Length of a vector. --The square root of the sum of 
the squares of the vector coefficients; also called 
the Euclidean norm of the vector. 

Lexicographic ordering. --Dictionary ordering; may 
be used in place of epsilon perturbations to insure 
that cycling does not occur when a vector choice is 
degenerate; not ordinarily incorporated in linear 
programming codes since practical evidence of 
cycling is very rare. 

Limitation. --A constraint or restriction on a var­
iable or set of variables. 

Linear combination. --An expression of the form 

where the ai are coefficients and the zi are symbols, 
such as variables or vectors, which can be multi­
plied by numbers. 

Linear dependence. --The state or condition of a set 
of n vectors ZI, Z2, ••• , zn which are related by 
an equation of the form 

Where 0 is a vector consisting of all zero coefficients, 
and the ai are a set of coefficients not all zero. 

Linear equation. --An equation whose left-hand side 
and right-hand side are both linear functions of the 
variables. Such an equation can always be put in 
the form f(x, y, z, .•• ) = c, where f is a linear 
function and c is a constant. 

Linear function. --A function of the form 
Ao + Al XI + A2X2 + •• 0 AnXn' where Ai'S are 
coefficients not all zero and X its are variables. 
The graphic representation of a linear function is a 
straight line, plane, or hyperplane. 

Linear independence. --The state or condition of a 
set of n vectors zl' z2' 0 •• , zn for which all linear 
combinations (except for the trivial combination 
with all coefficients zero) are vectors of nonzero 
length; that is, the resultant vector has at least 
one nonzero coefficient. No linear combination of 
a subset of the vectors will yield a vector of the set 
which is not in the subset. 

Linear inequality. --An inequality whose left-hand 
side and right-hand side are both linear functions of 
the variables. By transposition, such an inequality 
can always be thrown in the form L(x, y, z, ••• ) R c, 
where L is a linear function, c is a constant, and R 
is the given inequality relation. An inequality can 
always be converted to an equality by the addition or 
subtraction of a non-negative "slack" variable. 

Linear program. --See "linear programming 
problem". 

Linear programming. --A technique for finding the 
best solution from among all solutions of a system of 
linear inequalities. The variables are usually proc­
essing or scheduling variables in some physical 
situation; the inequalities are obtained from the 
physical constraints on these variables; and the 
criterion for "best solution" is the value of some 
given linear function of all the variableso As the 
term is used today, linear programming includes 
the formulation of the problem in linear programming 
terms, algorithms for finding the best solution, and 
the analysis of the effect of changes in the values of 
problem parameters. When a solution fails to exist, 
the system is said to be infeasible or to have no 
feasible solution. When the best solution is 
infinite in one or more variables, the system is 
said to be unbounded. 

Linear programming problem. --The mathematical 
problem of minimizing or maximizing a linear func­
tion of n variables, subject to n independent restric­
tions, such as requirements that each variable be 
non-negative, and also subject to a finite number of 
other linear constraints. The latter are either 
equalities or weak inequalities (~or ~); strict in­
equalities of the form<or>are not admissible. An 
exact solution or other termination to this problem 
is furnished by the simplex method or one of its 
variants. 

Linking variables. --In a situation where certain 
subsets of the variables have nonzero coefficients 
only in corresponding distinct subsets of rows, the 
remaining variables having coefficients in more 
than one subset of rows are called linking variables. 
These variables comprise the linking matrix in 
Beale decomposition. 
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Local optimum. --A feasible solution which gives a 
value to the objective function at least as low (or 
high) as any of its immediate neighbors in the feasible 
region. It is contrasted with a global optimum, which 
gives the lowest (or highest) value obtainable in the 
feasible region. 

Logical vector. --A unit vector used to extend an LP 
tableau to provide an "identity" matrix. Unit vectors 
in ~ rows are positive slacks. Unit vectors in ~ 
rows are negative slacks (either a unit positive 
vector restricted to nonpositive values, or a unit 
negative vector restricted to non-negative values). 
Unit vectors in = rows are artificial zero-level 
variables. Unit vectors in functional or other non­
constraint rows are free (artificial) variables. 

Lower bound (of a set of numbers). --Let A = (a) be 
a set of real numbers. Then the real number c is a 
lower bound for a, provided c ~ a for every a in A. 

Lower bound (of a variable value). --To be feasible, 
the value of the variable must be greater than or 
equal to its lower bound. In linear programming, 
variables are normally lower-bounded at zero--that 
is,Xi~O. 

Machine loading. --Given a set of jobs (i), i = 1, 2, 
... , n; where job i consists of a set of operations 
(i, j), j = 1, 2, ... , ni. Also, given a set of machines 
(k), k = 1, 2, ••• , N; as well as the information 
that operation (i, j) can be performed on a subset n 
(i, j) of these N machines at a rate of rij. The 
machine loading for this set of jobs is the selection 
of a particular machine (k) from the relevant subset 
(U) for each operation (i, j). The machine-loading 
problem is to select that particular machine loading 
which satisfies all constraints on the system at least 
cost. The "transportation problem" (q. v. ) is a subset 
of this problem. In transportation problems, the 
rij = 1 for all i, j; and the sum of demands is usually 
constrained to equal the sum of supplies. 

Marginal. --The economists' term for the deriva­
tives, or rate of change of a function with respect to 
quantity. "Incremental" and "variable" are often 
used in an exactly synonymous sense. Thus, the 
composite terms: "marginal cost" (of production), 
"marginal revenue" (from sales), "marginal value" 
(of a capacity, of sales, of supplies, etc.). The 
coefficients of a linear programming model are 
themselves all marginal figures; for example: the 
cost coefficient of an activity is the marginal cost of 
performing the activity; the coefficient in a material­
balance row is the marginal consumption or produc­
tion of the material. 
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Marginal cost. --The rate of change of cost as a 
function of quantity. If C(x) denotes the total cost of 
x units bought or produced, the marginal cost is 
another function c(x) equal to C(x+l)-C(x). 

Marginal revenue. --The rate of change of income as 
a function of quantity. If R(x) denotes the income 
from the sale of x units, the marginal revenue is 
another function r(x) equal to R(x+l)-R(x). 

Marginal value. --The dual solution to a linear pro­
gramming problem can be interpreted, in the 
economic sense, as a set of marginal values since a 
dual-solution value is the change in the objective 
function per unit increase in the corresponding 
right-hand-side constant, assuming that a change of 
basis is not required to maintain feasibility. The 
economic interpretation is complicated by alternate 
optimum solutions (corresponding to different bases) 
which may yield different values for the dual var­
iables. Thus, there may be two or more marginal 
values for the same constraint; such multiple values 
must be interpreted in terms of the operating pro­
cedure indicated by the corresponding basis; that is, 
the basis determines how the relaxation of the con­
straint would be utilized. Unfortunately, a change of 
basis (to an alternate optimum) may be required to 
change an RHS constant in a given direction even 
infinitesimally, and aside from parametric program­
ming on the right-hand side, there is no convenient 
way to assure that the basis at hand is one which will 
permit the desired change. (The right-hand-side 
ranging algorithm will only indicate the amount and 
direction of RHS change possible before needing an 
alternate basis. ) 

Mathematical programming. --Techniques of finding 
an optimum value of a function of many variables 
when these variables are subject to restrictions in 
the form of equations or inequalities. The term is 
usually restricted to problems so complex that they 
require a digital computer for their solution. 
Special types of programming are linear program­
ming, quadratic programming, and nonlinear pro­
gramming, all discussed separately in this glossary. 



Matrix. --A rectangular array for the compact dis­
play of the mn numbers. 

a .. (i=l ••. m; j=l ••• n) 
1] 

The typical element aij is placed in the ith row and 
the jth column. Another notation for an element is 
aj, which is useful in that the position of the index 
can indicate an element of a row or column and can 
distinguish rows or columns--for example, bi is an 
entry in a column; 1l'i is an entry in a row; etc. 

Matrix element. --One of the mn numbers, symbols, 
or other objects which have been arrayed in the form 
of a matrix. 

Matrix generator. --A computer code whose input is 
other stored information and whose output is a set of 
mn numbers (~j)' so indexed, or whose output is 
only the nonzero element values located or positioned 
by column identification and row identification. 

Maximize. --Find values of the arguments which 
give the largest possible value to a function. 

Maximum network flow problem. --Given a capac­
itated network with one node distinguished as the 
source, and another node distinguished as the sink. 
To find a maximal flow from source to sink, subject 
to the following conditions: (1) the flow in each arc 
must be in some preassigned direction and cannot 
exceed the arc's capacity; (2) the flow into a node 
may not exceed its capacity; and (3) the sum of the 
flows into any intermediate node (not source or sink) 
must equal all the flows out of it. 

Minimize. --Find values of the arguments which 
will give the smallest possible value to a function. 

Mixed-integer programming. --Integer programs in 
which some, but not all, of the variables are 
restricted to integral values. 

Model. --A synthetic system which is patterned after 
an actual system but which is easier to manipulate. 
The synthetic system is designed to resemble the 
actual system in ways considered important, so 
that its manipulation can provide useful information. 

Modified simplex array. --A computing array for 
the simplex procedure in which the objective 
function plus an artificial variable is set equal to 
a constant (usually zero) and appended to the rows of 
the matrix. This artificial variable is unrestricted 
as to sign, and in a cost minimization problem, its 
value is to be maximized. This array also permits 
simultaneous evaluation of a number of functionals 
while optimizing one of them, or a prescribed linear 
combination of them. When using this array for 
computation, the sign of the objective function 
coefficients is frequently changed before data input 
so that the sign of the value of the corresponding 
free (artificial) variable as printed out will cor­
respond to the true functional. 

Network flow problem. --See "maximum network 
flow problem". 

Node. --One of the defining points of a network. 

Nonbasic variable. --A variable in a linear program­
ming iterative stage whose value is fixed at zero, or 
is bound, and whose column vector therefore does 
not appear in the current basis. 

Nondegenerate solution. --A basic solution in which 
all of the basic variables are nonzero valued. 

Nonlinear equation. --An equation at least one of 
whose terms is a nonlinear function of the variables. 

Nonlinear function. --A function defined as some­
thing other than a sum of terms consisting of a 
constant times a single variable ~lus a final 
constant. For example, ax + bx + c (where x is 
a variable and a, b and c are constants) is a non­
line ar func tion. 

Nonlinear programming. --An inclusive term 
covering all types of constrained optimization 
problems except those where the objective function 
and the constraints are all linear. Special types of 
nonlinear programming for which some theory has 
been developed are convex programming, concave 
programming, and quadratic programming. 
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Non-negativity restriction. --A restriction that a 
value or a set of numbers must be positive or zero, 
but in no instance negative. 

Nonsingular matrix. --A square matrix whose 
determinant is not zero, and thus whose rank 
(number of linearly independent columns) is equal 
to its dimension (number of rows). Any non­
singular matrix has an inverse. 

Null constraint. --A row of the primal problem 
which is not a constraint--that is, symbolically 
A 5. B. The objective function, cost-change rows 
for parametric programming on the cost row, and 
alternate objective functions are all null constraints. 
In addition, it may be desirable to include some 
other functions to determine the activity level of the 
free (artificial) variable of that row. 

Numerical instability. --A characteristic of com­
putations or computational methods in which small 
deviations in initial input data tend to produce large 
deviations in the results. nl-conditioned matrices 
are numerically unstable. 

Objective function. --That function of the independent 
variables whose maximum or minimum is sought in 
an optimization problem. 

Objective function coefficient range. --See "cost 
range" • 

Objective function element. --One of the coefficients 
in the objective function row of a linear program­
ming matrix. 

Objective value. --The value of the objective function 
at a particular solution. 

Operations research. --"The attack of modern 
science on problems of likelihood (accepting mis­
chance) which arise in the management and control 
of men and machines, material and money in their 
natural environment. Its special technique is to 
invent a strategy of control by measuring, com­
paring, and predicting probable behavior through a 
scientific model of a situation." (Stafford Beer) 

Opportunity cost. --The money or other value sacri­
ficed by choosing a nonoptimal course of action. 

Opportunity loss. --Same as "opportunity cost". 

Optimize. --Maximize or minimize, as the case 
may be. 
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Optimum. --A set of values of the variables which 
optimizes (gives the most favorable value to) the 
objective function. 

Original simplex array. --An array for computation 
by the simplex method in which both the objective 
function and RHS are kept separate and handled 
differently from the coefficients in the matrix, as 
distinguished from such variants as the modified, 
or Kuhn-Tucker, arrays. 

Original simplex method (computing form). --Using 
an original simplex array, the functional row Cj is 
stored separately from the matrix and is never 
updated. The evaluators are calculated as 

d. 
J 

" i i c - L-C a 
j j 

where Ci are the cost coefficients of the vectors in 
the basis, and Q'~ is the matrix tableau expressed in 
terms of the cur1-ent basis. This is in contrast to 
standard simplex method. 

Packing. --Condensed storage of sparse vectors or 
matrices, accomplished by storing only nonzero 
elements and their identifications or indexes. In 
certain cases, it is more efficient to store zeros but 
not infinity; this would be termed infinity packing as 
distinguished from (zero) packing. It is also oc­
casionally possible to pack out certain coefficients 
equal to one. 

Parameter. --A secondary variable in an application. 
For example, the analytic geometry description of 
a line, y = ax + b, can be replaced by the paramet­
ric representation 

{ 
y = at + b} 
x = t 

where t is regarded as a parameter. The constants, 
a and b, and the dependent variables, x and y, are 
not considered as parameters. 

Parametric programming. --A method for inves­
tigating the effect on an optimal linear programming 
solution of a sequence of proportionate changes in 
the elements of a single row or column of the matrix. 
Most commonly, the method is applied to either the 
objective function row or the right-hand- side column. 
If it is applied to the latter, for example, the 



original right-hand vector B is replaced by a new 
vector B + Qt, where Q is a constant vector and t is 
a parameter. A parametric programming program 
may print out any or all of the following: the values 
of t at which basis changes occur, the new basic set 
at each change, the optimal levels of the basic 
primal and dual variables at each change, and the 
rate of change of each basic variable (with respect 
to t) between the current t and its value at the next 
basis change. 

Partition. --To separate a linear program into 
related subprograms. 

PHI. --The notation used for the parameter in the 
objective function parameterization or the critical 
price ratio in the dual algorithm and its variants. 

Piecewise linear approximation. --The division of 
the domain of definition of a function into subregions, 
and the replacement of the function by some close­
fitting linear function in each subregion. 

PI values. --Notation often used for the simplex 
multipliers. 

Pivot column. --The column of the matrix containing 
the pivot element. In a linear programming itera­
tion, it is the column associated with the entering 
variable (nonbasic variable picked to become basic). 

Pivot element. --The pivot-row element of the pivot 
column. 

Pivot rejection. --Rejection of the entering variable 
turned up by the pricing criterion, because the cor­
responding pivot element would be too close to zero. 
In such a case, the next best nonbasic variable is 
examined, and so on. 

Pivot row. --The row of the matrix containing the 
pivot element. In a linear programming iteration, 
it is the row associated with the departing variable 
(basic variable picked to become nonbasic). 

Pivot step. --A step consisting of a single trans­
formation of the matrix in a pivotal method of 
reduction of a set of linear equations. 

Pivotal method. --The most common of the many 
methods used in the solution of sets of linear 

equations. A particular equation (pivot row) is 
solved for a particular (pivot) variable. The pivot 
coeIficient plays a dominant role in the elimination 
or condensation to zero of all other coefficients for 
the chosen vector (by substitution in the other 
equations). 

Postmultiply. --To multiply a matrix A by some 
conforming matrix B--that is, by a matrix with as 
many rows as the given matrix has columns, A x B. 

Postoptimum analysis. --Development of the right­
hand-side ranges, cost or profit ranges, trade-offs 
between pairs of basic variables, and/or parametric 
programming. 

Precision. --The number of words, or storage posi­
tions, used to denote a number in a computer. 
Single-precision arithmetic is the use of one word 
per number; double-precision, two words per 
number, and so on. For variable word-length 
computers, precision is the number of digits used 
to denote a number. The higher the precision, 
the greater the number of decimal places that can 
be carried. 

Pre multiply . --To multiply a matrix B by some 
conforming matrix A--that is, by a matrix with as 
many columns as the given matrix has rows, A x B. 

Pricing. -- The choice of a nonbasic variable to 
enter the basis using an appropriate pricing 
criterion. 

PriCing criterion. --The criterion for choosing an 
entering variable. The most common (though 
perhaps not the best) criterion in the primal algo­
rithm is to choose that entering variable whose 
evaluator is most negative. 

Pricing vector. --(1) In modified simplex this refers 
to the updated cost row. (2) In revised simplex this 
refers to the" simplex evaluators" or "PI values". 

Primal simplex algorithm. --Refers to a type of 
linear programming algorithm in which a basic 
feasible solution to the expanded primal (direct) 
problem is maintained at each step of the iterative 
process, with a feasible solution to the dual problem 
appearing only at optimality. This is in contrast to 
a "dual simplex" method (q. v. ). 
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Primal solution. --( 1) The basis of the primal var­
iables (both logical and structural) at optimum; 
(2) the activity levels of these variables. 

Primal variable-type restriction. --A type restric­
tion, free, non-negative, nonpositive, or fixed, on 
each variable (whose coefficients are a matrix 
column) of the primal problem. The primal var­
iable-type restrictions correspond one-to-one with 
the column relations as follows: 

> ~ ~ i 
x. < 0 (free) 'r----/ L-7r. a

J
. = c

J
. (equal) 

J i 1 

Xj ~ 0 (non-negative) ~ ~i i 
a. ~ c. (greater 
J J than or 

equal) 

~ Dr· 
i 
~ c. (less than Xj ~ 0 (nonpositive) a. 

. 1 J J or equal) 1 

x. = FL (fixed) ¢::::> L7r. a~ < (null) 5 c . 
J i 1 J J 

Problem formulation. --See "formulation of a 
problem". 

Product form of inverse (computing form). --A 
computationally efficient (for sparse matrices) way 
of updating only the required portion of the inverse; 
often used in "revised simplex" (q. v. ) codes due to 
its calculation and input-output characteristics. 
The inverse 7r of the basis at stage t is carried as 
the product of elementary transformation matrices, 
one for each pivot step, rather than being computed 
and carried explicitly. 

where Et is an identity matrix except for one column 
(see "eta-vector"); otherwise, the computing form 
is the same as the revised simplex. The subscripts 
on E are an index on pivots. The product form is 
used recursively to compute an updated row or 
column of the tableau as follows: 

a i = 
S 

d
J
. = 17 9 a~ 

1 J 

17 F,t is the Rth row of the basis inverse. 
E{ is the tth "transformation matrix" (q. v. ). 

a.~ is the Jth column of the LP matrix. 

a~ is the sth column of the LP matrix expressed in 
terms of the current basis. 
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Profit range.--The interval (c -AI' c +A 2) where 
c is a profit coefficient in the objective function, and 
the two endpoints are points where a change of basis 
must first occur to maintain optimality. See also 
"cost range". 

Programming. --Arranging or furnishing a program 
of or for (Webster's Dictionary). In computer usage, 
it usually refers to computer programming, which is 
a stylized technique for making a computer carry out 
a particular calculation. To avoid semantic diffi­
culty when speaking in context of mathematical 
program'ming, computer programming (or programs) 
is termed "coding" or "codes". Compound terms 
such as linear programming, quadratic program­
ming, and dynamic programming are subsumed under 
the general heading of mathematical programming -­
the optimization of a given function subject to given 
restrictions on the variables. 

Quadratic function. --A function which contains second­
degree terms in the variables, e. g., a + bx + cx2. 

Quadratic programming. --Maximization, subject to 
linear constraints, of an objective function which is 
a quadratic function. This is one of the few convex 
programming problems, aside from linear program­
ming' which have solution algorithms that terminate 
in a finite number of steps. 

Rank of a matrix. -- The maximum number of 
linearly independent rows of the matrix. Equiva­
lently, the maximum number of linearly independent 
columns, or the size of the largest square sub­
matrix with an inverse. 

Raw-stock value. --Marginal value, in a situation 
where the right-hand-side element is a capacity for 
a stock-balance equation. 

Reduced cost. --The evaluator associated with a non­
basic variable at optimality. It is the amount by 
which the corresponding unit cost would have to be 
reduced before this variable could profitably be 
introduced into the basis. 

Redundant equations. --A set of equations, one of 
which may be expressed as a linear combination of 
the others. Such an equation can be omitted from 
the system without affecting the solution. With the 
inclusion of a full set of logical vectors in an LP 
matrix, there are no redundant equations in the 
strict sense of the term; however, very much the 
same situation applies when one relation or con­
straint dominates another; for example, the con­
straint equation Xl = 0 dominates the constraint 
Xl ? 0 so that the latter constraint could be 
removed without affecting the solution. 



Regularization. --A technique for augmenting a 
matrix with (1) a row that constrains the sum of 
absolute values of the structural variables to be!:= R, 
where R is large enough not to affect the solution if 
not otherwise unbounded; and (2) pseudo-artificial 
vectors (unit vectors with a large penalty cost M) 
for each non-null row relation, where M is large 
enough so that the pseudo artificials will not be 
used unless the problem is otherwise infeasible. A 
regularized problem, then, always has an optimum 
feasible solution. 

Reinversion. --A means of avoiding the buildup of 
round-off errors in an explicit tableau or inverse, 
or in a product-form inverse. However, in product 
form the most important effect of reinversion is to 
reduce the number of eta-vectors required to 
express the inverse, and hence the number of non­
zeros in the eta records. Reinversion may be called 
for when digital error is suspected, at a presumed 
optimum, every K iterations (usually 30~· K ~ 75), 
or in product form by clock or nonzero cqntrol to 
minimize the total time required Ifor solution. 
Unlike the normal iterating agenda where the pivot 
elements are taken in the order prescribed by 
vector in-and-out choices, the reinversion algorithm 
can, and usually does, make a special selection of 
pivots to maintain digital accuracy, and in product 
form to also preserve sparseness. 

Report generator. --A computer code whose input 
is data, operating instructions and format infor­
mation. Linear programming report-generator 
data may include solution activity levels, input 
coefficients, etc. Linear programming report­
generator instructions may include vector multipli­
cations, additions, etc. The output of a report 
generator may include instructions to a printing unit 
as well as output information. 

Requirement. --The right-hand side of a constraint 
of the form 

Xl + x2 + ••• + ~ = b, or ~ b 

where Xi are interpreted as inflows to some sink; 
also used for" constraint" (q. v. ) and "restriction" 
(q. v.). 

Resource. --The right-hand side of a constraint of 
the form 

where x. are interpreted as outflows from some 
1 

source. 

Restriction. --An equation or inequality limiting the 
feasible range of variation of a variable. Also used 
for constraint (q. v.). 

Revised simplex method (computing form). --A var­
iant of the simplex method, especially suitable for 
LP problems in which the number of variables is 
much larger than the number of equations. The 
method employs (1) an implicit inverse, "product form 
of the inverse" (q. v.), or (2) an explicit inverse of 
the current basis t (often without zero packing) to 
compute an updated row or column of the tableau as 
required. 

7r 
T 

where: 
R is the functional row. 
ET is the transformation matrix of iteration T. 
'" T is the basis inverse at iteration T. 

'"t is the current basis inverse. 

The simplex multipliers comprise the profit row of 
the inverse; they are used to test for optimality and 
to select a new entering variable, if needed. 

RHS. --Notation for the right-hand side. 

Right-hand side. --The mathematical expression to 
the right of the equality or inequality sign in an 
equation or inequality. In linear programming, by 
convention, the right-hand side of each constraint is 
merely the constant term, with the complete linear 
function as the left-hand side. Same as B-vector, 
column of constraints, etc. 

Right-hand-side element. --An element of the 
column vector comprising the right-hand sides of 
the constraints. 

Right-hand-side range. --The interval (b- 61' b +..12) 
where b is the original value of the right-hand-side 
element and the two endpoints are the first pOints 
where a change of basis must occur to maintain 
feasibility. Within this interval, the optimal 
objective value is a linear function of the right-hand­
side element, with rate of change equal to the 
marginal value of its row. 

Rounding error. --The error in the final result of a 
calculation which is ascribed to the rounding used 
for input factors and intermediate results. In a 
computer, rounding error can be reduced almost to 
any desired extent, but only at the expense of 
speed, memory capacity, and program complexity. 
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"Round-off error. --Same as "rounding error". 

Row. --All the elements of a single horizontal line of 
aiiiatrix, taken in the given order. A (1 x n) 
submatrix of an (m x n) matrix. 

Row error. --The numerical value of 

where (xV x2' ••• , ~) are the levels of the vari­
ables in the current solution; (ail ••• ~n) is the 
left-hand side of row i; and bi is its right-hand side. 
With no rounding error, the above expression would 
have a value of zero. 

Row ID. --The same as "row identification". The 
Row ID list (or the Row ID's) refers to the set of all 
row identifications to be used in a particular 
problem. 

Row identification. --Generally, a name or mark to 
distinguish a particular row of a matrix; specifi­
cally, a six-character identification of a row in the 
SHARE standard input format. 

Row index. --A numerical equivalent of the row 
identification, assigned by the computer for the 
purpose of saving space. 

Row operations. --One of the following operations 
on a matrix: (1) interchanging any two of its rows; 
(2) multiplying a row by a nonzero constant; 
(3) adding a multiple of a row to some other row. 
Operation (1) is equivalent to premultiplying by an 
identity matrix with two columns permuted. 
Operations (2) and (3) combined are equivalent to 
premultiplying by an elementary column matrix. A 
succession of row operations will invert a non­
singular matrix. 

Row relation. --A relation that is equal, less than 
or equal, greater than or equal, or null for each 
constraint (matrix row) of the primal problem. 
The row relations correspond one-to-one with the 
complementary dual variable-type restrictions as 
follows: 

L:a~ x. = b
i 

(equal) ¢;> 1("i ~ 0 (free) 
J J 

i < i ~ i> ~a. x.- b (less than or equal)~ 1(" - 0 
J J (non-negative) 

. . .< 
L:a~ X.~bl (greater than or equal)~ 1("1-0 

J J (nonpositive) 
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i<i ~i F. 
L:a.x.5b (null)~ 1(" =S (fIXed) 

J J 

where 1(" i is a dual variable 

i 
a. is the coefficient matrix 

J 

b i is the column of RHS coefficients 

x. is a primal variable 
J 

SF is a fixed scale factor. 

Row vector. --A matrix conSisting of a single row. 
A given row of a matrix. The elements of the row 
are interpreted as the components of the vector. 

Scaling of a matrix. --Multiplication of each row 
and each column of the matrix by different 
factors chosen to improve the computational 
properties (condition) of the matrix. By judicious 
scaling, the precision and efficiency of linear pro­
gramming computations can be increased greatly, 
without changing in any material way the definition 
of the problem. A frequently used scaling algo­
rithm is to divide each row by the largest absolute 
element in it, and then divide each resulting 
column by the largest absolute element in it. 
This ensures that the largest absolute value in the 
matrix is 1. 0 and that each column and row has at 
least one 1. 0 in it. 

Scheduling. --(1) The placement of a given set of 
objects (A, B, C, D, ••• ) on the time axis, as 
opposed to sequencing, which is merely ranking 
them in temporal order. Sometimes the sequencing 
result is assumed before the scheduling problem is 
given. (2) Scheduling of a continuous process 
manufacturing facility, such as an oil refinery, 
usually means the allocation of streams to units 
and the setting of processing conditions, since 
the flows are assumed to be constant during the 
scheduling period. 

Sensitivity. The responsiveness of a solution to 
changes in the numerical values of the coefficients. 



Separable programming. --A class of nonlinear 
programming problems in which each function 
appearing may be expressed as the sum of sepa­
rate functions of single variables. For example, 
the function 

f(x
l

, ... , x n) is separable if 

n 

f(x
l

, ... , x n) = L: 
i=1 

f. (x.), 
1 1 

for appropriate functions f .• 
1 

When all the functions have been separated, it is 
possible to make a piecewise linear approxima­
tion to each one. For convex constraints, this is 
all that is required, since the LP algorithm will 
always choose the two nearest points surrounding 
the desired value, giving accuracy dependent only 
on the fineness of the approximation. For concave 
constraints, however, the ordinary LP algorithms 
will choose from the two most widely separated 
points, ignoring those in between and giving 
generally a most unsatisfactory accuracy. How­
ever, the separable programming (LP) algorithm 
assures that the points chosen are contiguous, and 
thus accurate. Of course, only a local optimum 
solution is assured. 

Set. --A collection or family of objects of some 
kind. These objects are called "elements, " or 
"members" of the set. 

Shadow price. --Same as "marginal value" (q. v.); 
also used incorrectly for "reduced cost" (q. v. ). 

SHARE. --A user's group for IBM large-scale 
scientific computers (comprising in 1963 the 704, 
709, 7090, 7094, 7094-II, 7040, 7044 equipments). 

SHARE standard input format. --A format for the 
input card, specifying a single element of the 
matrix. In this format, columns 1-6 are blank, 
reserved for control information; columns 7-12 
identify the matrix column in which the element 
appears; columns 13-18 give the row; column 19 
gives the sign of the element; and columns 20-30 
give its numerical value, with decimal point in 
column 24. 

SigmaL.--Notation for the change row in para­
metric programming on the objective row. 

Simplex. --A convex polyhedron in a Euclidean 
space of dimensions equal to or greater than the 
number of linearly independent vertices. Sim­
plexes in the plane are points and line segments; 
simplexes in three-space are points, line 
segments, and triangles; and so on. 

Simplex evaluators. --See "evaluator". 

Simplex method. --A computational routine for 
obtaining the optimal solution to a linear program­
ming problem. It is an iterative elimination 
procedure at each stage yielding a basic solution, 
and it rests primarily on the following two 
principles: 

1. Elementary row operations on the con­
straint matrix leave the set of feasible solutions 
unchanged. 

2. The number of nonzero values in an optimal 
solution is never more than the number of con­
straint equations. The following steps comprise 
one iterative stage: 

a. A test of whether the current solution 
is optimal and/or feasible. 

b. If not both optimal and feasible, a 
choice of an entering variable and a departing 
variable. 

c. A pivot step so as to read off the new 
solution; then back to a. 

An inversion algorithm is sometimes provided to 
express the problem in terms of a given initial 
basis. The problem may be formulated in any of 
three arrays (original, modified, or Kuhn-Tucker) 
and may be solved by a number of computing 
forms (original, standard, revised explicit inverse, 
revised product form of inverse), each of which can 
employ a variety of choice criteria for the entering 
and departing variables--that is, primal, composite, 
Dickson- Frederick, dual, suboptimization, symmetric, 
etc. Any simplex method is contrasted with approxi­
mate techniques, such as logarithmic gradient, 
relaxation, etc., which do not yield a basic solution. 

Simplex method, original. --See "original simplex 
method (computing form). " 

Simplex method, revised. --See "revised simplex 
method (computing form). II 
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Simplex multipliers. A set of numbers (Ill' Il2, 
... , lIm), one for each row of a linear programming 
problem. 'Their values are given by the vector 
equation: 
Original array 

(II
1

, ••• ,II ) = -(c .••• c. ) B-
1 

m \ 1m 

modified or Kuhn-Tucker array 

where B is the current basis, Ci is the objective 
R 

function element of the Rth basic variable, and 
il •. 0 im are the subscripts of the basic variables. 

7r~ is the Rth (profit) row of the inverse. 

~ ~ is a unit row vector with 1 in position Rand 
zeros elsewhere. 

7r is the inverse of the basis (including the cost 
row). 

The main application of these numbers is in com­
puting evaluators for the nonbasic variables. 

Singular matrix. --A square matrix whose rank is 
less than its dimension. A singular matrix has no 
inverse. 

Sink. --That single node in a capacitated network at 
which all flow is assumed to terminate. It can be 
recognized, on a directed graph, as that node at 
which all flows are directed inward. 

Slack. --The difference between the left and right 
members of an inequality. If u $ v, the slack s is 
defined as u + s = v or s = v - u; such slacks are 
restricted to be non-negative. If u ~ v, the slack 
may be defined as u + s = v or s = v - u in which 
case it is restricted to be nonpositive, or it can be 
defined as u- s = v or s = u - v (note the -1 coeffi­
cient of s in u - s = v), in which case it is restricted 
to be non-negative. 

Slack level. --The current value of a slack variable. 

Slack variable. --An auxiliary variable introduced 
to convert an inequality constraint to an equation. 

Slack vector. --The column vector associated with 
a slack variable. It is a unit vector with +1 or -1 
in the row in which the slack appears, and zeros 
elsewhere. 
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Solution. --A set of values of the variables which 
satisfy the given constraints. Solutions may be 
classified as basic or nonbasic, feasible or infeas­
ible, optimal or non optimal. These qualifiers are 
all defined under their appropriate alphabetical 
headings. 

Solution level. --The set of values taken by the 
variables in a solution. 

Source. --That single node in a capacitated network 
from which all flow is assumed to originate. It 
can be recognized, on a directed graph, as that 
node from which all flows are directed outward. 

Sparse vector or matrix. --A vector or matrix 
whose elements are mostly zeros. 

Standard simplex method (computing form).-­
Using the modified simplex array (where the 
objective function has been incorporated in the 
matrix as a null constraint), the entire explicit 
tableau is kept up-to-date at each iteration. This 
method is particularly efficient for computing 
ranges, or when the structural matrix is dense. 
The only computation required at a pivot step is 

ex T = ET ex T-l 

where ET is an elementary matrix (q. v.). Since 
the complete tableau is available at all times, 
more complicated pricing criteria (such as 
Dickson- Frederick or maximum change in 
objective) are feasible. 

Starting basis. --The set of column vectors associ­
ated with the basic variables of a starting solution 
in linear programming. 

Starting solution. --The first trial solution used at 
the beginning of an iterative-type solution to an 
optimization problem. The means for providing 
this initial solution is sometimes an algorithm in 
its own right. 

Steppingstone method. --A name for a special form 
of the simplex method used for solving the trans­
portation problem. Given a feasible solution, the 
algorithm tells how to improve this solution by 
introducing a new source-destination allocation 
and reallocating among existing allocations so that 
the constraints remain satisfied. Those existing 
allocations whose values are modified in this way 
are called steppingstones. If no such reallocation 
can improve the solution, the current solution is 
optimal. 



Stipulations. --The right-hand sides and row 
relations. 

Stochastic programming. --A generalization of 
linear programming in which any of the unit costs, 
the coefficients in the constraint equations, and 
the right-hand sides are random variables subject 
to known distributions. The aim of such program­
ming is to choose levels for the variables which 
will minimize the expected (rather than the actual) 
cost. 

Structural vector. --A column of a linear program­
ming matrix corresponding to a physical variable 
in the original problem. 

Submatrix summary. --The partial sum of left-hand­
side terms evaluated at the current solution for 
p (~ n) variables and q (~ m) constraints. It takes 
the form of a column vector with q elements. 

Suboptimal. --(1) Not yet optimal. (2) Optimal over 
a subregion of the feasible region. 

Suboptimization. --When using a multiple-pricing 
algorithm, suboptimization enters that variable 
first into the basis which gives by itself the greatest 
improvement in objective; the next variable entered 
gives the greatest additional improvement, and so 
on. This technique tends to prevent the first enter­
ing variable from being removed by the second, 
etc. 

Substitution rate. --The change in the basic vari­
ables (both logical and structural) required to 
maintain equality as a nonbasic variable is in­
creased from 0 to 1. 0 in value. The feasibility 
restrictions may be violated if the new variable 
were actually set at the 1.0 level; the extent of 
the substitution is the largest (absolute) value the 
new variable can take on without causing an 
infeasibility. 

Sum of infeasibilities. --The (usually negative) 
sum of the absolute amounts by which the primal 
variables are outside their type restrictions. 
When the sum of infeasibilities reaches zero, the 
corresponding solution becomes feasible. The 
"Phase I" of certain linear programming codes 
was simply a derived linear programming 
problem -- that of maximizing the negative sum 
of infeasibilities to zero. 

Symmetric parametric programming. --The simul­
taneous parameterization of the right-hand side 
and the objective function. This is useful in 
economic studies when both costs and require-

ments change a linear function of a single para­
meter -- for example, time. Another use is as a 
sort of primal-dual algorithm to go from a 
pseudo RHS and objective function (for which the 
starting basis is optimal and feasible) to true 
values of the RHS and objective function. In some 
problems, this approach requires far fewer 
iterations than a more conventional algorithm. 

Tableau. --The current matrix, with auxiliary 
rows and/or columns, as it appears at an 
iterative stage in the standard simplex method 
computing form of solution. 

Technology matrix. --Loosely, the coefficient 
matrix, or (aij)' as distinguished from the cost 
coefficients (Cj) and the right-hand sides (bj). 

Theta (e). --Notation often used for the new value 
of the entering variable in the updated basic set 
(in the primal algorithm this is equal to the 
critical right-hand-side ratio), or for the parameter 
in right-hand-side parameterization. 

Tolerance. --The half-width of a band of numbers 
centered at zero, all of which are taken as 
equivalent to zero for decision purposes. Some 
form of tolerance is required in digital computer 
applications because of rounding error. Linear 
programming codes generally have several 
different zero tolerances for different purposes. 

Transformation matrix. --An elementary matrix 
representing a single change of basis. It is the 
inverse of a matrix formed from an identity 
matrix (which is the present basis in terms of 
itself) by replacing one unit vector (representing 
the departing variable) with another vector 
(representing the entering vector). The entering 
variable is expressed in terms of the present (old) 
basis. 

Transformation of a matrix. --A change in the 
appearance of a matrix which leaves the solutions 
of the corresponding set of linear equations 
unchanged; a change of basis. 

Transportation problem. --A linear programming 
problem of considerable historical and practical 
interest, for which very efficient solution 
algorithms are available. In this problem, there 
are m origins (with origin i possessing ai items) 
and n destinations (with destination j requiring bj 
items), and with sum of the ai equal to the sum 
of the bj. We are given the mn costs associated 
with shipping a single item from any origin to any 
destination, and are asked to empty the origins 
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· and fill the destinations in such a way that the total 
cost is minimized. The problem can be stated as 
a linear programming problem whose variables 
are the mn individual allocations, with the summed 
cost as the objective function and with m +n-l 
independent constraints, and so solved. However, 
much more efficient special-purpose algorithms 
are available; these are called transportation 
algorithms or codes, in which the special struc­
ture of this problem is exploited. A special case 
of the "machine loading" problem (q. v. ). 

Traveling-salesman problem. --A special type of 
assignment problem. A traveling salesman 
wishes to start in one city, visit each of n other 
cities, and return to the start in such a way that 
the total distance traveled is minimized. This 
can be regarded as an assignment problem in 
which each city is assigned a successor city, but 
with the added restriction that the journey from 
city one back to city one be continuous. The 
traveling-salesman problem is much more 
difficult in solution than the corresponding 
unrestricted-assignment problem, even though 
there are fewer feasible solutions to consider. 
A nUlnber of solution algorithms have been 
brought forward, most of them based on integer 
linear programming or on dynamic programming 
techniques. However, none as yet are regarded 
as generally satisfactory: the efficient methods 
are only approximate, and the exact methods 
require too much computer time 0 

Unbounded set of numbers. --A set A = (a) of real 
numbers which has no lower bound and/or no 
upper bound. That is, if A has no lower bound, 
for any real number x, it is possible to find a 
number (a) in A such that a < x. If A has no 
upper bound, for any real number x, it is possible 
to find a number (a) in A such that a > x. 

Unbounded solution. --An optimal solution with 
some infinite or unbounded values, and therefore 
with an infinite optimum for the objective function. 

Unique. --One and only one (in mathematics). 

Unique solution. --The optimal solution, in a 
problem which has one and only one optimal 
solution. 
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Unit negative vector ("UN"). --A unit (positive) 
vector except that the sign of the 1. 0 is minus. 

Unit vector.--The term is used in two senses, one 
more special than the other. (1) A vector of unit 
length with one coefficient (+1) and the other 
coefficients all zero. (2) A vector of unit length. 
In the context of linear programming, meaning (2) 
is never used. 

Upper bound (of a set ofnumbers).--Let A=(a) be 
a set of real numbers. Then the real number c is 
an upper bound for A, provided that c ~ (a) for 
every (a) in A. 

Update.--To change a matrix, vector, etc., from 
stage n into a form suitable for stage n + 1, usually 
by routine operations on the former. 

Variable. --A symbol which can stand for any 
member of a given set, as distinguished from a 
constant, which is a symbol standing for only one 
such member. An argument of a function whose 
value is to be established. 

Variable cost. --Marginal cost--that is, includes 
no fixed charges. 

Vector.--An ordered set or array of quantities, 
usually n real numbers (xl' x2' ••• , xn). A 
vector arrayed horizontally is called a row 
vector; one arrayed vertically is called a column 
vector. For example, the rows of a matrix are 
row vectors, the columns of a matrix are column 
vectors. 

Vector in. --Entering variable's associated vector. 

Vector out. --Departing variable's associated 
vector. 

Vertex. --A point of a convex set which does not lie 
on a line segment joining any other two points of 
the set; also called extreme point. 
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Coefficient 7, 11, 22, 39 

Column 7, 21, 24 

Constraint 1, 3, 7, 8, 13, 15, 24, 27, 37 
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Level of activity 7, 11, 13 
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