
4. If 13 .. '306 S x, then the error function is �~� 1, and the complemented error 
function �~� 0 (underHow). 

5. If x < 0, then reduce to a case involving a positive argument by the use of the 
fonowing formulas: 

erf( - x) = - erf(x), and erfc (- x) = 2 - erfc(x). 

Effect of an Argument Error 

E �~� �e�-�I�~�,� • A. For the error function, as the magnitude of the argument exceeds 
1, the effect of an argument error upon the final accuracy diminishes rapidly. For 
small values of x, £ �~� o. For the complemented error functioh, if the value of 

e-x2 

x is greater than 1, �e�r�f�c�(�x�)�-�-�~�.� Therefore, £ """' 2X2 • o. If the value of x 

is negative or less than 1, then £ �~� �e�-�·�I�~� • D.. 

Exponential Subprograms 

EXP 

Algorithm 

1. If x < - 180.218, then 0 is given as the answer via Hoating-point underHow. 
2. Otherwise. divide x by log .. 2 and write 

x 
y=--=4a-b-d 

log .. 2 

\vhere (J and b are integers, 0 < b < 3 and 0 < d < 1. 
3. Compute 2-d by the following fractional approximation: 

2d 
2--<1 =< 1 - 617.97227 

0.034657359 d2 + d + 9.9545948 - d2 + 87.417497 

This formula can be obtained by transforming the Gaussian continued fraction 

z z z z z z z z 
e-Z = 1 - -- -- -- -- -- -- -- -

1+ 2- 3+ 2- 5+ 2- 7+ 2' 

The maximum rebtive error of this approximation is 2-29• 

:1. Multiply 2-(/ by 2-". 
;). Finally, add the hexadecimal exponent a to the characteristic of the answer. 

Effect 01 an Argument Error 

(- .' If the magnitude of x is large, even the round-off error of the argument 
causes a �s�u�b�~�t�a�n�t�i�a�l� relative error in the answer because .0. = o' x. 

DEXP 

Algorithm 

1. If x < - 180.2187, then 0 is given as the answer via Hoating-point underflow. 
2. Divide x by log .. 2 and write 

46 

x = (4a - b - :6)· log,,2 - r 

where a, b, and c are integers, 0 < b < 3, 0 < c < 15, and the remainder r is 
1 

within the range 0 < r < 16 . log..2. This reduction is carried out in an extra 

precision to ensure accuracy. Then e" = 16a • 2-b • 2-0/ 16 • e-r • 



3. Compute e- r by using a minimax polynomial approximation of degree 6 over 

the range 0 <: r < 116 • log..2. In obtaining coefficients of this approximation, 

the minimax of relative errors was taken under the constraint that the constant 
term lZo shall be exactly 1. The relative error is less than 2-56.87• 

4. Multiply e- r by 2- c/ 16• The 16 values of 2- c/ 16 for 0 <: C <: 15 are included in 
the subprogram. Then halve the result b times. 

5. Finally, add the hexdecimal exponent of lTto the characteristic of the answer. 

ERed of ern Argument Error 

E ,.., ~. If the magnitude of x is large, even the round-off error of the argument 
causes a substantial relative error in the answer because ~ = 8 • x. 

CEXP/CDEXP 

Algorithm 

The value of e",+iy is computed as eX • cos (y) + i . eX • sin( y). The algorithms for 
both complex exponential subprograms are identica1. Each subprogram uses the 
appropriate real exponential subprogram (EXP or DEXP) and the appropriate real 
sine/ cosine subprogram (cos/SIN or DCOS/DSIN). 

ERed of ern Argument Error 

The effect of an argument error depends upon the accuracy of the individual 
parts of the argument. If e",+iy = R· eiH , then H = Y and ( R) ,...., ~ (x). 

Gamma and Log Gamma Subprograms 

GAMMAI ALGAMA 

Algorithm 

1. If 0 < x <: 2- 252, then compute log-gamma as log.,r(x) ~ - loge(x). 
This computation uses the real logarithm subprogram (ALOG). 

2. If 2- 252 < X < 8, then compute log-gamma by taking the natural logarithm of 
the value obtained for gamma. The computation of gamma depends upon the 
range into which the argument falls. 

r(x+l) 
3. If 2- 252 < X < 1, then use r( x) = to reduce to the next case. 

x 

4. If 1 <: x <: 2, then compute gamma by the minimax rational approximation (in 
absolute error) of the following form: 

( ) z [au + aiZ + a2z~ + a3z3] 
r x ::::= Co + --;---:--;--:--;-~--;;--­

bo + bIZ + b 2z2 + Z3 

where z = x - 1.5. The absolute error of this approximation is less than 2- 25.9 • 

5. If 2 < x < 8, then use r ( x) = (x - 1) r (x - 1) to reduce step by step to the 
preceding case. 

6. If 8 <: x, then compute log-gamma by the use of Stirling's formula: 

loger(x) ::::=x(loge(x) -1) - %loge(x) + If.doge(2?r) + G(x). 

The modifier term G( x) is computed as 
G(x) ::::= doX- I + d 1x- 2 • 

These coefficients were obtained by a form of minimax approximation minimiz­
ing the ratio of the absolute error to the value of x. The absolute error is less 
than x • 2- 26.2 • Remembering the fact that x < loger( x) in this range, the 
contribution of this error to the relative error of the value for log-gamma is less 
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than 2- 26.2. This computation uses the real logarithm subprogram (ALOG). 

For gamma, compute r (x) = eY , where y is the value obtained for log-gamma. 
This computation uses the real exponential subprogram (EXP). 

Effect of an Argument Error 

£ .-; f (x) • ,:l for gamma, and E .-; t/J (x) • ,:l for log-gamma, where t/J is the 
digamma function. 

1 
If 2 < x < 3, then - 2 < t/J (x) < 1. Therefore, E ,..., ,:l for log-gamma. How-

ever, because x = 1 and x = 2 are zeros of the log-gamma function, even a sma.11 
3 can cause a substantial £ in this range. 

If the value of x is large, then t/J (x) ,.... log. (x). Therefore, for gamma, 
€ _. 3 x • log ... (x). In this case, even the round-off error of the argument con­
tributes greatlr to the relative error of the answer. For log-gamma with large 
values of x. ( -' 3. 

DGAMMA/DLGAMA 

Algorithm 

1. If 0 < x::;: 2- 2:;2, then compute log-gamma as loger(x) ::::= - loge(x). 
This computation uses the real logarithm subprogram (DLOG). 

2. If 2- 252 < X < 8, then compute log-gamma by taking the natural logarithm 
of the value obtained for gamma. The computation of gamma depends upon the 
range into which the argument falls. 

:3 If 2 ."., 1 th () r (x + 1) d h . . - ~ ... - < x < , en use r x = x to re uce to t e next case. 

4. If 1 <:: x <:: 2, then compute gamma by the minimax rational approximation (in 
absolute error) of the following form: 

Z [ao + a]z + ... + a6z6] 
r ( x) ~. Co + b b b 6 7 

I) + lZ + ... + sZ + Z 

where z = x - 1.5. The absolute error of this approximation is less than 2-5H3 • 

. 5. If 2 < x < 8, then use rex) = (x - 1) rex - 1) to reduce to the preceding 
case. 

6. If 8 ~ x, then compute lng-gamma by the use of Stirling's formula: 

loger(x) <= x(log,,(x) - 1) - Ij2Ioge(x) + % 10ge(27r) + G(x). 

The modifier term G( x) is computed as 

G(x) =< d ox- 1 + d 1x- 3 + d 2x- 5 + d 3x- 7 + d4x- IJ • 

These coefficients were obtained bya form of minimax approximation minimiz­
ing the ratio of the absolute error to the value of x. The absolute error is less 
than x • 2 --51>.]. Hemembering the fact that x < loger (x) in this range, the 
contribution of this error to the relative error of the value for log-gamma is less 
than 2~561. This computation uses the real logarithm subprogram (DLOG). For 
gamma, compute r( x) = ell, where y is the value obtained for log-gamma. 
This computation uses the real exponential subprogram (DEXP). 

Eifed of an Argument Error 

€- .p (x) • ~ for gamma, and E ~ .p ( x) • ~ for log-gamma, where t/J is the 
digamma function. 

1 
]f '"2 < x < 3, then - 2 < tf;( x) < 1. Therefore, E -' ,:l for log-gamma. How-

ever, because x = 1 and x = 2 are zeros of the log-gamma function, even a small 
3 can cause a substantial f in this range. 
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If the value of x is large, then t/I( x ) .- loge (x). Therefore, for gamma, 
f ,.... 8 • x • lo~(x). In this case, even the round-off error of the argument con­
tributes greatly to the relative error of the answer. For log-gamma with large 
values of x, f "'"' 8. 

Hyperbolic Sine and Cosine Subprograms 

SINH/COSH 

Algorithm 

1. If Ixl < 1.0, then compute sinh(x) as: 
sinh(x) ~ x + CIX3 + C2X5 + CaX7. 

The coefficient Ci were obtained by the minimax approximation (in relative 
sinh(x) 

error) of as the function of x2 • The maximum relative error of this 
x 

approximation is 2-25.6 • 

2. If x > 1.0, then sinh ( x) is computed as: 
sinh(x) = (1 + 8) [e+10g•v - v2/e+ 1o;:.,,]. 

1 
Here, 1 + 8 = 2v ' so that this expression is theoretically equivalent to 

[ex - e- x ]/2. The value of v (and consequently those of logev and 8) was so 
chosen as to satisfy the following conditions: 

a) v is slightly less than ~, so that 8 > 0 and small. 
b) logev is an exact multiple of 2-16• 

The condition b) insures that the addition x + log~v is carried out exactly. This 
maneuver was designed to reduce the round-off errors and also to enlarge the 
limits of acceptable arguments. This computation uses the real exponential sub­
program (EXP). 

3. If x < - 1.0, use sinh ( x) = - sinh( [xl) to reduce to case 2 above. 
4. If cosh (x) is desired, then for all valid values of arguments use the identity: 

cosh(x) = (1 + 8) [e+ 10g." + v:!je+1oge"]. Here the notation and the consid­
eration are identical to case 2 above. This computation uses the real exponential 
subprogram (EXP). 

Effect of an Argument Error 

For the hyperbolic sine, E ,...., ~ • cosh (x) and f ,...., ~ • coth( x). 
For the hyperbolic cosine, E ,...., ~ • sinh ( x) and f ,...., 8 • tanh ( x). 

Specifically, for the cosine, £ ,...., ~ over the entire range; for the sine, t: ,...., 8 for 
small values of x. 

DSINH/DCOSH 

Algoritbm 

1. If [xl < 0.881374, then compute sinh(x) as: 
sinh (x) ::::::: CoX + CIX3 + c:!x5 + ... + C6X13. 

The coefficients Cl were obtained by the minimax approximation (in relative 
sinh(x) 

error) of as the function of x2• Minimax was taken under the constraint x 
that Co == 1 exactly. The maximum relative error of this approximation is 2- 55.1• 

2. If x >0.881374, then sinh(x) is computed as: 
sinh(x) = (1 + 8) [e+ 1o!:." - v2/ex +1o!:.vJ. 
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I 
Here, 1 + ;) = -2 ,so that this expression is theoretically equivalent to 

v 
[e' - ('-.1]/2. The valu(' of v (and consequently those of log.,v and 0) was so 
dlO:;en as to satisfy the following conditions: 

a) v is slightly less than 1f2, so that 8 > 0 and small. 
b) log"v is an exact multiple of 2- 1(;. 

The condition b) insures that the addition x + logev is carried out exactly. This 
maneuver was designed to reduce the round-off errors and also to enlarge the 
limits of acceptable arguments. This computation uses the real exponential sub­
program (DEXP). 

:3. If x <: -0.881374, then use sinh(x) = -sinh( Ixl) to reduce to case 2 above. 
4. If cosh( x )is desired, then, for all valid arguments use the identity: 

cosh(x) = (1 + 8) [e.rtlo!(c" + v2 /e+ 1og.,,]. Here the notation and the consid­
eration are identical to case 2 above. This computation uses the real exponential 
subprogram (DEXP). 

ERed 01 an Argument Error 

For the hyperbolic sine, E - .3. • cosh( x) and € ~ .3. • coth( x). 
For the hyperbolic cosine, E ~ .3. • sinh (x) and f - ~ • tanh( x). 

Specifkally, for the cosine, { - ~ over the entire range; for the sine, • "'" 8 for 
the small values of x. 

Hyperbolic Tangent Subprograms 

TANH 

Algorithm 

1. If Ixl<: 2-1~, then tanh(x) ~ x. 
2. If 2 --12 < !xl <: 0.7, me the following fractional approximation: 

tanh ( x ) [ 0.8145651 ] 
x '= 1 - x2 0.0037828 + x2 + 2.471749 . 

The coefficients of this approximation were obtained by taking the minimax 
of relative error, over the range x2 < 0.49, of approximations of this form under 
II: constrain! 'hat the first term shall be exactly 1.0. The maximum relative 
error of this approximation is 2- l!f,.4. 

, I n.1 
2 

\< 9.011, thcn use the identity tanh( x) = I - (e)2 + I' 

T}w:u.~:put<:tion for this case uses the real exponential subprogram (EXl'). 
,!, .:fx -~n.Ol1)rhantanh(x)=l. 

5. If x < - 0.7, then usc the identity tanh (x) = - tanh ( - x). 

ERect of an Argument Error 

2~ 
E ,...., (1 - tanh:! x) .3., and €,..., . h (2 ). For small values of x, f - 0, and as the 

5111 x 
value of x increases, the effect of 8 upon € diminishes. 

DTANH 

Algorithm 

1. If Ixl < 2-:!", then tanh(x) ~ x. 
i 1-

2. If 2- ~s < < 0.54931, use the following fractional approximation: 

tanh( x) d1x2 d2 d3 

~ Co + 2 + + ., + + 2 • X X Cl x- C2 X + C3 
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This approximation was obtained by rewriting a minimax approximation of the 
following form: 

tanh ( x) au + alx2 + a2x4 
x ~ Co + x2

• bo + b1x2 + b2x4 + x6' 

Here the minimax of relative error, over the range x2 < 0.30174, was taken 
under the constraint that Co shall be exactly 1.0. The maximum relative error of 
the above is 2-63• 

2 
3. If 0.54931 < x < 20.101, then use the identity tanh ( x) = 1 - eZ.c + l' 

This computation uses the double precision exponential subprogram (DEXP). 
4. If x > 20.101, then tanh(x) ~ 1. 
5. If x < - 0.54931, then use the identity tanh (x) = - tanh ( - x). 

Effect 0' an Argument Error 

2~ 
E ,..., (1 - tanh2 x) ~, and E ,..., • For small values of x, £ ,..., I). As the 

sinh (2x) 
value of x increases, the effect of 0 upon E diminishes. 

Logarithm;c Subprograms (Common and Natural) 

ALOOf ALOG 1 0 

Algorithm 

1. Write x = 16P' 2-'1 ° m where p is the exponent, q is an integer, 0 < q < 3, 
and m is within the range, 1h < m < 1. 

2. Define two constants, a and b (where a = base point and 2 - ~ = a), as follows: 

1 
If 1/2 < m < V 2' then a = l.h and b = 1. 

1 
If V 2 < m < 1, then a = 1 and b = O. 

m-a l+z 
3. Write z = ---. Then, 111 = a ° -1--- and lzl < 0.1716. m+a -z' 

1 + Z (1 + Z) 4. Now,x = 24V-Q-IIOl_ z' and log.,(x) = (4]) - q - b) loge 2 + log" 1 _ z . 

5. To obtain IOge( 1 + Z) first compute u; = 2z = m - a (which is rep-
1 - Z ' O.5m + 0.5a 

resented in our system with slightly more significant digits than Z itself), and 
apply an approximation of the following form: 

log., (11 + Z) ~ tV [cn + CIW2 "J. 
- Z . C2 - w~ 

These coefficients were obtained by the minimax rational approximation of 

1 (l+Z) 2z loge 1 _ Z over the range z~ £ (0, 0.02944) under the constraint that Co 

shall be exactly 1.0. The maximum relative error of this approximation is less 
than 2- 25 .a:l • 

6. If the common logarithm is desired, then ]oglHX = logliJe· log.,x. 

Effect of an AtgumentError 

E - o. Specifically, if I) is the round-off error of the argument, e.g., I) ,..., 6 • 10- 8, 

then E ,..., 6 • 10-H. Therefore, if the argument is close to 1, the relative error can 
be very large because the value of the function is very small. 
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DLOG/DLOG10 

Algorithm 

1. Write x = 1& • 2-'1 • 111 where 11 is the exponent, q is an integer, 0 <: q <: 3, 
and 111 is within the range % <: m < 1. 

2. Define two constants, a and b (where a = base point and 2 -II = a), as follows: 

1 
If % <: 111 < I 2' then a = Vz and lJ.. = 1. - V 

I 
If 2 <: m· < I, then a = I and b = O. V -

m-a l+z 
3. Write z = ---. Then, m = a· -1-- and Iz' < 0.1716. 

m + a - z 
1 + z 

4. Now, x = 24p - q -- IJ • -1--' and log,.x = (4p - q - b) log .. 2 + loge 
-z (~). 1 - z 

5. To obtain log,. (~ ~ :), first compute 1£ = 2z = 0.5: : ~.5a (which is repre­

sented in our system with slightly more significant digits than z itself), and 
apply an approximation of the following form: 

log" (~ ~ :) ~ tV [co + C1W~ (tv~ + CO! +.~ C:l C5 )J. 
tV +C4 + ., + 

1£- e(i 

These coefficients were obtained by the minimax rational approximation of 

I (I + Z) 2z log" 1 _ z over the range Z~ € (0, 0,02944) under the constraint that Co 

shall bc exactly 1.0. The maximum relative error of this approximation is less 
than 2- liO ."". 

6. If the common logarithm is desired, then IogJ"x = 10g1oe • log .. x. 

Effect of an Argument Error 

E ~ o. Therefore, if the value of the argument is dose to I, the relative error can 
be v:~ry large because the value of the function is very small. 

CLOG/CDlOG 

Algorithm 

1. \Vrite log,. (x + if}) = a + ib. 
2. Then, (I = Jog .. !x + iU: and b = the principal value of arctan (y, x). 
:3. log,. Ix -+- iy! is computed as follows: 

. 52 

Let VI = max ('4 !!li), and v~ = min (lxi, 11);)· 
1 

Let t he the exponent of VI, i.e., V j = m· 161, 16:::; m < 1. 

~. . ftift<O t 
}; mally, let tJ = 't t - 1 if t > 0(' 

and so = 16',. 

Then, log" ix + iyi = 4tl • log,,(2) + 1f21og,. [( ~I )~ + (~~ r J. 
Computation of viis and v~/ s are carried out by manipulation of the charac­
teristics of VI and V~. In particular, if v~/ so < 1, it is taken to be O. The algor­
ithms for both complex logarithm subprograms are identical. Each subprogram 
uses the appropriate real natural logarithm subprogram (ALoe or DLoe) and the 
a ppropria te arctangent subprogram (ATAN2 or DA TAN2 ) . 



Ellect of on Argument Error 

The effect of an argument error depends upon the accuracy of the individual 
parts of the argument. If x + iy = 1 • elk and log., (x + iy) = a + ib, then h = b 
andE(a) = 8(1). 

Sine and Cosine Subprograms 

SIN/COS 

Algorithm 
4 

1. Define z = - • Ixl and separate z into its integer part (q) and its fraction part 
'II' 

( 1). Then z = q + r, and Ixl = (~ . q ) + (~ • 1 )-

2. If the cosine is desired, add 2 to q. If the sine is desired and if x is negative, 
add 4 to q. This adjustment of q reduces the general case to the computation 
of sin (x) for x > ° because 

cos ( ± x) = sin ( ; + x ), and 

sin (- x) = sin('II' + x). 

3. Let qo == q mod 8. 

Then, for qo = 0, sin (x) = sin (~ • T ), 

qo = 1, sin (x) = cos (~ (1 - r) ). 

qo = 2, sin (x) = cos (~ • 1), 
q 0 = 3, sin (x) = sin (~ (1 - r) ), 

qo = 4, sin (x) = - sin (~ • 1), 
qo = 5, sin (x) = - cos (~ (1 - 1) ), 

q 0 = 6, sin (x) = - cos ( ~ • r ), 

qo = 7, sin (x) = - sin (~ (1 - 1) ) . 

These formulas reduce each case to the computation of either sin (~ • 11 ) 

or cos (~ • (1) where 11 is either 1 or (1 - 1) and is within the range, 

o <11 < 1. 

4. If sin ( : • 11 ) is needed, it is computed by a polynomial of the following 

form: 

sin (~ • 11)~ 11 (ao + a1112 + a2T14 + aaTln). 

The coefficients were obtained by the interpolation at the roots of the Chebyshev 
polynomial of degree 4. The relative error is less than 2- 28 .1 for the range. 
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5. If cos (~ 0 r1 ) is needed, it is computed by a polynomial of the following 

form: 

cos (~ • rl ) ~ 1 + b1r12 + b;Jrl4 +b3rI6. 

Coefficients were obtained by a variation of the minimax approximation which 
provides a partial rounding for the short precision computation. The absolute 
error of this approximation is less than 2-24.57, 

Effect of an Argument Error 

E '-' .6.. As the value of x increases, .6. increases. Because the function value dimin­
ishes periodically, no consistent relative error control can be maintained outside 

7r 71" 
the principal range, -"2 < x < + 2' 

DSIN/DCOS 

Algorithm 

71" 
1. Divide Ix! by 4 and sepa~ate the quotient (z) into its integer part (q) and 

4 
its fraction part (r). Then, z = Ixl 0 - = q + T, where q is an integer and r 

7r 

is within the range, 0 < r < 1. 
2. If the cosine is desired, add 2 to q. If the sine is desired and if x is negative, 

add 4 to q. This adjustment of q reduces the general case to the computation of 
sin (x) for x ::2- 0, because 

cos (± x) = sin (Ixl + ; ),and 

sin(-x) =sin(ixl +71"). 

8. Let f/o ~ q mod 8. 

54 

TIJcn, forq" = 0, sin (x) = sin (~ or), 

C/o = 1, sin (x) = cos (~ (1- r)), 

<io = 2, sin (x) = cos (~ 0 1'), 
qn = :3, sin (x) = sin (~ (1 - r»), 

qo=4,sin(x) -sin(~.r), 

qo> = 5, sin (x) - cos (~ (1 - r) ), 

q" = 6, sin (x) = - cos ( ~ 0 l' ), 

q .. = 7, sin (x) = - sin (~ (1 - T)). 
These formulas reduce each case to the computation of either sin (~ • rl ) 

or cos (: • rl ); where 1'1 is either r or (1 - r), and is within the range, 

o <I'J< 1. 



4. Finally, either sin ( : "1 )or cos (: "1 )is computed, using the polynomial 

interpolations of degree 6 in '12 for the sine, and of degree 7 in '12 for the cosine. 
In either case, the interpolation points were the roots of the Chebyshev poly­
nomial of one higher degree. The maximum relative error of the sine polynomial 
is 2-~s and that of the cosine polynomial is 2- 64 .3 • 

Effect of an Argument Error 

E -- A. As the value of the argument increases, A increases. Because the function 
value diminishes periodiqally, no consistent relative error control can be main-

.". .". 

tained outside of the principal range, - 2< x< +2' 

CSIN/CCOS 

Algorithm 

1. If the sine is desired, then 
sin (x + iy > = sin ( x) • cosh ( y) + i • cos ( x) • sinh ( y ). 

If the cosine is desired, then 

cos(x + iy) = cos (x) • cosh(y) - i' sin(x) • sinh(y). 

2. The value of sinh (x) is computed within the subprogram as follows. 
Assume x > 0 for this, since sinh ( - x) = - sinh (x). 

3. If x > 0.346574, then use sinh (x) = 1h (ex - ~..,). 
4. If 0 < x < 0.346574, then compute sinh ( x) by use of a polynomial: 

sinh(x) 
--- e:: ao + alx2 + a2x4. x 

The coefficients were obtained by the mInImaX approximation (in relative 
error) of sinh(x)/x over the range 0 <x2 < 0.12011 under the constraint that 
ao shall be exactly 1.0. The relative error of this approximation is less than 
2- 26.18• 

1 
5. The value of cosh(x) is computed as cosh (x) = sinhlxl + e l.," 

This computation uses the real expoential subprogram (EXP) and the real 
sine / cosine subprogram (SIN / cos) . 

Effect of an Argument Error 

To understand the effect of an argument error upon the accuracy of the answer, the 
programmer must understand the effect of an argument in the SIN/cos, EXP, and 
SINH/ COSH subprograms. 

CDSIN/CDCOS 

Algorithm 

1. If the sine is desired, then 

sin (x+iy) = sin(x) • cosh(y) + i' cos(x) • sinh(y). 

If the cosine is desired, then 

cos(x + iy} = cos(x)· cosh(y) - i' sin(x)· sinh(y). 

2. The value of sinh(x) is computed within the subprogram as follows. 
Assume x > 0 for this, since sinh ( - x) = - sinh ( x ). 

3. If x > 0.481212, then use sinh ( x) = lk ( eX - !). 
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4. If 0 <: x < 0.481212, then compute sinh( x) by use of a polynomial: 

sinh(x) 
--- :::::= ao + alx~ + a2x4 + aax6 + a4xs + a5x10• 

x 

The coefficients were obtained by the minimax approximation (in relative 
('rror) of sinh ( x ) I x over the range 0 <: x2 <: 0.23156 under the constraint 
that ao shall be exactly 1.0. The relative error of this approximation is less 
than 2- 56.07 • 

1 
5. The value of cosh(x) is computed as cosh (x) = sinhlxl + el.,I' 

This computation uses the real exponential subprogram (DEXP) and the real 
sine/ cosine subprogram (DSIN/OCOS). 

Effect of an Argument Error 

To understand the effect of an argument error upon the accuracy of the answer, 
the programmer must understand the effect of an argument error in the Dsm/Dcos, 
DEXP, and DSINH/DCOSH subprograms. 

Square Root Subprograms 

SQRT 

Algorithm 

1. If x = 0, then the answer is O. 
2. Write x = lWp-q • m, where 2p - q is the exponent and q equals either 0 or 1; 

1 
til is the mantissa and is within the range 16 <: m < 1. 

3. Then, Vx = 16p • 4- QVm. 
4. For the first approximation of yX, compute the following: 

( 1.288973 ) 
Yo = 16p • 4 -q • 1.681595 - 0.8408065 + m . 

This approximation attains the minimax relative error for hyperbolic fits of Vx. 
The maximum relative error is 2- 5.748• 

[Yo Apply the Newton-Raphson iteration 

!In+l = % (Yn + :n) 
tWhC. The second iteration is performed as 

y~ ;-~ 1Jz (Y1 - -=-) +-=-, 
Y1 Y1 

with a partial rounding. The maximum relative error of Yz is theoretically 
2- 25 ,U. 

Effect of an Argument Error 

1 
f~2°' 

DSQRT 

Algorithm 

1. If x = 0, then the answer is O. 
2. Write x = 162p - Q • m, where 2p - q is the exponent and q equals either 0 or 1; 

1 
m is the mantissa and is within the range 16 <: m < 1. 
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3. Then, yx = 1&· 4-q ym. 
4. For the first apprmnmation of yx, compute the following: 

Yo = 1&· 41 - q 00.2202 (m + 0.2587). 

The extrema of relative errors of this approximation for q = 0 are 2-3 .202 at 
1 

m = 1,2-3.265 at m = 0.2587, and 2- 2.025 at m = 16' This approximation, rather 

x 
than the minimax approximation, was chosen so that the quantity - - Ys be-

Y3 
low becomes less than 1&,-8 in magnitude. This arrangement allows us to 
substitute short form counterparts for some of the long form instructions in the 
final iteration. 

5. Apply the Newton Raphson iteration 

Y~+I = ~ (Yn + :n) 
four times to yo, twice in the short form and twice in the long form. The final 
step is performed as 

Y4 = Ys + ~ (:3 - ys) 
with ,an appropriate truncation maneuver to obtain a virtual rounding. The 
maximum rel~tive error of the final result is theoretically 2- 8S.23• 

Effect of an Argument Error 

1 
£--8 

2 

CSQRT /CDSQRT 

Algorithm 

1. Write y x + iy = a + ib. 

Ilxl + Ix + iyl 
2. Compute the value z = '\j 2 as k • "1/ WI + W2 where k, Wt and W2 

are defined in 3, or 4, below. In any case let VI = max (lxi, lyl) and 

V2 = min (lxi, Iyl)· 
3. In the special case when either V2 = 0 or VI > V2, let Wt = V2 and W2 = Vt so 

that Wt + W2 is effectively equal to Vi' 

Also let k = 1 if Vt = Ixl and 

k = 1/v'2 if VI = Iyl. 
4. In the general case, compute F = ~ ¥4 + ¥4 ( :: ) 2 

If Ixl is near the underflow threshold, then take 

WI = lxi, W2 = VI 0 2F, and k = I/V2. 

If VI • F is near theoverHow threshold, then take 

WI = Ixl/4, W2 = Vt of/2, and k = "1/2. 
In all other cases, take Wt = Ixl/2, W2 = VI 0 F, and k = 1. 

5. If z = 0, then a = 0 and b = O. 
If z ¥= 0 and x > 0, then a = z, and 

y 
b = 2z' 

If z ¥= 0 and x < 0, then a = I Y I and 
f2zl' 

b = (sign y) • z. 

Appendix F: Algorithms 57 



The algorithms for both complex square root subprograms are identical. 
Each subprogram uses the appropriate real square root subprogram (SQRT or 
DSQRT). 

ERed of an Argument Error 

The effect of an argument error depends upon the accuracy of the individual 
parts of the argument. If x + iy = r' eih and V x + iy = R· el.H, 

1 
then f (R) ,..., "2 13 ( r ), and d H) '"" 13 ( h ) . 

Tangent and Cotangent Subprograms 

TAN/COTAN 

Algorithm 

71' 

1. Divide Ixl by 4 and separate the result into integer part (q) and the fraction 

71' 

part (r). Then Ixl = 4 (q + r). 
2. Obtain the reduced argument ( tv) as follows: 

if q is even, then tv = r 
if q is odd, then w = 1 - r. 

The range of the reduced argument is ° < tv < 1. 
:3. Let qo = q mod 4. 

Then for qo = 0, tan Ixl = tan (~ • w) and cot Ix: = cot (: • tv ), 

qo = 1, tan Ix i = cot (: • w ) and cot Ixl = tan (: • w ), 

qo = 2, tan Ixl = - cot (~ • tv ) and cot Ixl = - tan (~ • tv ), 

qo = 3, tan Ix! = - tan (: • w ) and cot Ixl = - cot (: • w ). 

,1. The value of tan (: • tV) and cot (~ • tV ) are computed as the ratio of two 

poly nomials: 

(
71' ) w'P(u) 

tan 4· w ~ -Q( 11) ,cot (
71' ) Q(u) 

- • tl~ ~ 

4 "- tV· P( u) 

\vhcl,.; II = 1/2W"" <dId 

P( 1l)" -!~.46090l + u 
Q(u) = - 10.772754 + 5.703366' u - 0.159321 • u2 • 

These coefficients were obtained by the minimax rational approximation (in 
rdative error) of the indicated form. The maximum relative error of this 
approximation is 2-~6. Choice of u rather than Ie:! as the variable for P and Q 
is to improve the round-off quality of the coefficients. 

5. If x < 0, then tan ( x) = - tan lxi, and cot( x) = - cot Ixl. 
G. Tllis program is provided with two kinds of error controls. One is for arguments 

whose magnitude is greater than 211\ • 71'. The other is for arguments which are 
very close to a singularity of the function. In either case, the precision of the 
argument is deemed insufficient for obtaining a reliable result. More specifically, 
the second control screens out the following arguments: 
a) Ixl:::; 16-- 63 for COTAN (the result would overflow). 
b) x is such that one can find a singularity within eight units of the last digit 
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value of the floating-point representation of the sum q + r. Singularities are 
cases when the cotangent ratio is to be taken and w = O. 

The test threshold of this control can be dynamically modified by assembler 
code programs. 

ERed of an Argument Error 

A 2 
E -- and £ '""" -.-:-:,......,.. cos2 ( x) , sm ( 2x ) for tan ( x ). Therefore, near the singularities 

x = (k + ~ ) 11", where. k is an integer, no error control can be maintained. This 

is also true for cotan(x) for x near k1l", where k is an integer. 

DTAN/DCOTAN 

Algoritlam 

11" 

1. Divide Ixl bY7 and separate the result into integer part (q) and the .fraction 

11' 

part (r). Then Ixl =4(q + r). 
2. Obtain the reduced argument ( w) as follows: 

if q is even, then w = r 
if q is odd, then w = 1 - r. 

J'he range of the reduced argument is 0 < w < 1. 
3. Let qo E5 q mod 4. 

Then for qo = 0, tan Ixl = tan (~ • w )and cot Ixl = cot (~ • w), 
qo = 1, tan Ixl = cot ( ~ • w )and cot Ixl = tan (: • w ), 

qo = 2, tan Ixl = - cot (~ • w )and cot Ixl = - tan (~ • w ), 

qo = 3, tan Ixl = - tan (: • w )and cot Ixl = - cot (~ • w ). 

4. The value of tan (~ • w ) and cot (~ • w ) are computed as the ratio of 

two polynomials: 

(
11" ) w o P(w2 ) (11') Q(w2 ) 

tan '4' w ::::::: Q( w2) ,and cot T' w ::::::: W' P( w 2 r 
where both P and Q are polynomials of degree 3 in w2• The coefficients of P 
and Q were obtained by the minimax rational approximation (in relative error) 

of ~ tan ( ~ w) of the indicated form. The maximum relative error of this 

approximation is 2-55.6 • 

5. If x < 0, then tan( x) = - tan lxi, and cot( x) = - cot lxl. 
6. This program is provided with two kinds of error controls. One is for argu­

ments whose magnitude is greater than 250 • 11'. The other is for arguments which 
are very close to a singularity of the function. In either case, the precision of 
the argument is deemed insufficient for obtaining a reliable result. More 
specifically, the second control screens out the following arguments: 
a) Ixl < 16-63 for COTAN (the result would overflow). 
b) x is such that one can find a singularity within eight units of the last digit 

value of the Hoating-point representation of the sum q + r. Singularities are 
cases when the cotangent ratio is to be taken and w = o. 
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The test threshold of this control can be dynamically modified by assembler 
code programs. 

Effect of an Argument Error 
~' 2 

E":" 2 ( )' and € '-' • (2x) for tan ( x ). Therefore, near the singularities of cos x sm 

x = (k + -{-) 71', where k is an integer, no error control can be maintained. 

This is also true for cotan( x) for values of x near k7r, where k is an integer. 

Implicitly Called Subprograms 
The entry point names of the following implicitly called subprograms are gener­
ated by the compiler. 

Complex Multiply and Divide Subprograms 

CDVD#/CMPY# (Divide/Multiply for COMPLEX*8 Arguments) 

CDDVD#ICDMPY# (Divide/Multiply for COMPLEX*16 Arguments) 

Algorithm 

iUultiply: (A + Bi) (C + Di) = (AC - BD) + (AD + BC)i 
Divide: (A + Hi)/ (C + Di) 

1. If iC! < IDI, sct 
A = B, B = - A, C = D, D = - C, since 

A + Bi B = Ai = before step 2. 
C + Di D - Ci 

A B D _').. Sc't A' - B' - D' -,. - C ' - C' - C; 
then compute 
A + Bi A' + B'i A' + B'D B' - A'D' 
=----:--=-:- = 
C + Di 1 + D'i = 1 + D'Df~ + 1 + D'D' i. 

Error Conditions 

Partial underflOWS can occur in preparing the answer. 

Complex Exponentiation Subprograms 

FCDXI# (COMPLEX*16 Arguments) 

FCXPI# (COMPLEX*8 Arguments) 

Algorithm 

The value of!h + y:.?i = (Zl + z~i)j is computed as follows. 
K 

Let iii = 2: r,,· 2" where ric = 0 or 1 for k = 0, 1, ... , K. 
k=(J 

Then z iji = 7r z:.?\ and the factors Z:.?k can be obtained by successive squaring. 
'k :;£ () 
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More specifically: 
1. Initially: k = 0, n(Ol = Ii!, Yl (H) + y:!(O)i = 1 + Oi, 

Zl (0) + z;!(O)i = Zl + z;!i. 



2. Raise the index k by 1, and let n\k-l) = 2q + r, where q is the integer 
quotient and r = ° or 1. 

3. Let n(k) = q. 
4. If r = 0, then Yl (k) + Y2( k1 i = Yl (k-l) + YZ(k-l)i. 

If r = 1, then Yl (k) + Yz(k)i = (Yl (k-l) + Y2(k-l)i) (Zl (k-l) + ZZ(k-lli). 

5. If n(k) =t 0, then ZI (k) + zz(k)i = (Zl (k-l) + Z2(k-l) )2, and steps 2 
through 5 are repeated until n(k) = 0. 

6. When n(k) = 0, and i:> 0, then Yl + Y2i = Yl (k) +Y2(k)i. 

If f < 0, then Y1 + Y2i = (1 + Oi) / (Yl (k) + Y2(k)i). 

Exponentiation of a leal Base 10 a leal Power Subprograms 

FDXPD# (REAL*8 Arguments) 

FRXPR# (REAL * 4 Arguments) 

Algorithm 

1. If a = ° and b < 0, error return. 
If a = ° and b > 0, the answer is 0. 

2. If a =1= ° and b = 0, the answer is 1. 
3. All other cases, compute ao' as eO • lng a. In this computation the exponential sub­

routine and the natural logarithm subroutine are used. If a is negative or if 
b • log a is too large, an error return is given by one of these subroutines. 

Error estimate 

The relative error of the answer can be expressed as (£1 + (2) b • log (a) + £3 

where £1, (2, and (3 are relative errors of the logarithmic routine, machine multi­
plication, and the exponential routine, respectively. 

For FDXPD#, (1 < 3.5xl0- 16, '2 < 2.2xl0- 16, and (:\ < 2.0xlO- 16. Hence the 
relative error < 5.7xl0-16X lb· log a I + 2.0xlO-HI. Note that b • log a is the 
natural logarithm of the answer. 

For FRXPR#, £1 < 8.3xl0-7,'2 < 9.5xl0-7, and (:\ < 4.7xlO-7. Hence the relative 
error < 1.8xl0-6 x lb· log a \ + 4.7xl0-7. 

Effect of an Argument Error 

[a( 1 + od] b( 1 + o:.!) == a"( 1 + o:.!b • log a + bod. Note that if the answer does 
not overflow, Ib • log a\ < 175. On the other hand b can be very large without 
causing an overflow of a" if log a is very small. Thus, if a :::::: 1 and if b is very 
large, then the effect of the perturbation 01 of a shows very heavily in the relative 
error of the answer. 

Exponentiation of a leal Base fo an Infeger Power Subprograms 

FDXPI# (REAL*8 Arguments) 

Algorithm 

The value of y = aJ is computed as follows: Let \i\ 
K 

= L fk2" where rl. = 0 or 1 
,,= 0 

for k = 0, 1, .. " K. Then al.il = 1T a~k and the factors a:!'- can be obtained by sue­
T, oF 0 

cessive squaring. 
More specifically: 
1. Initially: k = 0, n lUj = Iii, y lOi = 1, and ZIO) = a. 
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2. Raise the index k by 1, and decompose n 41. - II = 2q + r, where q is the 
integer quotient and r = ° or l. 

,'3. Let 11 41,) = q. 
4. If r = 0, then yU.; = V"·-I), 

If r = 1, then yU., = V'k-ll;:::U,-I). 

5. If n<l·) =1= 0, then ;:::(/.l = Z(l,-I);:::II.1-1, and steps 2 through 5 are repeated 
until n I!.l = 0. 

1 
6. \Vhen 11'/" = 0, and i:> 0, then y = yrk).1f i < 0, then Y = y(k)' 

Note: The negative exponent is computed by taking the reoiprocal of the posi­
tive power. Thus it is not possible to compute 16.0**-64 because there is a lack 
of symmetry for real floating-point numbers - i.e., 16.0** -64 can be represented, 
but 16.0**64 cannot. The result is obtained by successive multiplications and is 
exact only if the answer contains less than 14 significant hexadecimal digits. 

FRXPI# (REAL * 4 Arguments) 

Algorithm 

This subprogram has the same algorithm as FIXI'I#, which follows. 

Exponentiation of Integer Base to Integer Power Subprogram 

FIXPI# (INTEGER*4 Arguments) 

Algorithm 
Kl 

Th(' value of L = IJ is computed as follows: Let f = L r" • 2k where rk = 0 

or 1 for k = 0, I, .. " K Then Ii = 7T P\ and the factors pk can be obtained by 

successive squaring. 
~forc spccifically: 
1. Initially: k = 0,11'''' = ;, yill! = 1, and mill' = I. 
:) Haise the index k. by ], and decompose n (I.-I' = 2q + T, where q is the 

integer quotient and r = 001' L 
:3. Let n 1/. l = q. 
4. HI' = O,theny(i·, = y'k-I,. 

If r = 1, then V(k) = yil.--l, • Tnll. - Ii. 

,5. If ni/"i 0, then m'!.1 = m!/,-I' • m"'-l', and steps 2 through 5 are repeated 
untilll li,' = O. 

6. \Vhen Il u" = 0, L = LII,'. 
Note: The result is obtained by successive multiplications. The result is exact 

only if it is less than (2**31) - 1. Hesults arc meaningless when this limit is 
l'xc('cded and may even he of changed sign. 
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Ahwlllte error 
Absolute value subprograms 
Accuracy figmes, mathematical subprograms 
Alignment . ...... . . . . . . . . .. . .. 
Alphameric and Hexadecimal Input Conversion 

.3-5,7 
.. 5,40 

.. 2-7,37-62 
36 

(CHCIO) ... 12-15,25 
Alphameric and Hexadecimal Output Conversion 

(CHCIP) .. 12,13,16,17,25 
Arcsine and arccosine subprograms. .3,40,41 
Argument errors, effects of .40-62 
Argument ranges, mathematical subprograms .3-7 
Arguments, mathematical subprograms ... 2-6,30 

( see also paramcter lists r 
Arrays 

(iee also FORTRAN IV publication) 
Assembler language 

BACKSPACE request 
BSAM 

CALL macro instruction 
Calling relationships 

I/O routines 
mathematical subprograms 

CHCBD interrupt-handling routine 
CHCBE interrupt-handling routine 
COMMON 

.22,23,32 

.. 1, 11,30-32 

.11,18,21. 
33 

.. 30,31 

13 
2-6, 42-45, 48, 50-53 

36 
36 

9 
Common and natural logarithm subprograms 

complex . . . 3, 52 
single and double precision .3, 51 

COMMON statement 36 
Complemented error function subprograms 5, 44-46 
Complex argument, how passed 30 
Complex Input Conversion (CHCIM). . .12-15, 19,24,25 
Complex Output Conversion (CHCIN) ..... 12,13, 16, 17,25 
Computations of mathematical subprograms 2-6, 35-62 
C(l'lallts (see FORTRAN IV publication) 
C 'rol Initialization (CHCIA) 11 

see also I/O Initialization) 
Conversion code (see FORMAT control character) 
Cosine subprograms (see trigonometric sine and cosine 

subprograms; hyperbolic sinc and cosine subprograms) 
CSECT 

names 
sizes, mathematical subprograms 

Data Control Block (DCB) .. 
Data conversion 

parameter list format 

29 
2 

. .11,20,21,31-33 
11 
20 

( sec also the individual data conversion routines) 
Data management .. 11, 13,20,21,33,34 
Data set organization (see DSORG values) 
Data set reference number (DSRN) .. 20,31 
DCB (see data control block; DCB Maintenance) 
DCB Maintenance (CHCIB). .11-18,20,21,22 

parameter list format. . 21 
DCB prefix .. 21,32 
DDEF command .. 11, 20, 21, 31, 33 
DDNAME 31 
Definitions (see computations of mathematical subprograms) 
Dimension 24 

.1,2,7,30 
..... 3-5 

8,10 
.20,33 

Direct-reference mathematical subprograms 
table 

Divide check indicator 
DSORG values 

DUMP subprograms 
sample storage printouts 

DVCHK subprogram .. 

END exits by I/O routines 
END FILE request 
Entry names ...... ... .. 

mathematical subprograms 
service subprogram~ 

EODAD exit 
EQUIVALENCE statement 
ERR exits by I/O routines 
Error checks 

Index 

8,9 
35 

...... 8,10 

· ... 19-21 
.11,18,20 

29 
.... 2-6 

8 
21 
36 

· ... 19-21 

Ii 0 TOutines (see the II 0 routine description) 
mathematical subprograms '" .2-6 

8,9 
5,44-46 

26 
1 

26 
.2-6 

8 
· .8, 10,36 
8,9,10,36 

36 
36 

service subprograms 
Error function subprograms 
Error Message Control (CHCIX) 
Error messages 

I/O routines 
mathematical subprograms 
service subprograms 

Exceptions 
Exit (CRCIW) 
Exponent overflow exception .. 
Exponent underflow exception 
Exponcntial subprograms 

complex 3, 44 
single and double precision ............. . 3,39,40 

(see also indirect-reference mathematical subprograms) 
External names of library subprograms 

Fixed point overflow exception 
Floating point-divide exception 
Format control integer (DUMP and PDUMP) 
FORMAT control 

(see also FORMAT processor) 
FORMAT control character 

29 

36 
36 

9 
.. 11, 19ff, 31,32 

11,19,25 
(see also the individual data conversion routines) 

Format of DUMP and PDUMP printout .9, 35 
FORMAT Processor (CHCIF) 12-14,16,17,23,24,31,32 

parameter list format . ....... ........... .. . 25 
FORMAT specification (see FORMAT control character) 
Formulas for mathematical subprograms ... 37-62 
FORTRAN 

compiler 
data management 

(see also data management) 
data set characteristics 

... 2,29,36 
11 

33 
(see also FORTRAN Programmer's Guide publication) 

elements of the language (see FOHTRAN IV publication) 
Programmer's Guide publication 11 

11 
1 

1-7 
30 

FORTRAN IV publication 
FUNCTION subprograms 
Function value 

how returned 
Functions 

I/O routines (see the 1/0 routine descriptions) 
mathematical subprograms .. . . .......... 2-6 
service subprograms ... 8-10 

Gamma subprograms: 
DGAMMA (CHCBV) 
GAMMA (CHCBT) 

(see also log-gamma subprograms) 

...... 5,48 
.. 5,47 
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GATE operations . .... . ........... . .... 21, 26, 31, 33 
( see also SYSIN; SYSOUT; macro instructions) 

General Input Conversion (CHCIS). . . l1-lS, 26 
General Output Conversion (CHCIT) . 12, 13, 16, 17 

Hyperbolic sine and cosine subprograms 
Hyperbolic tangent subprograms 

4,49,50 
... 5,50,51 

Indirect reference mathematical subprograms 1,2,7,30 
tables .... 6,7 

Input data conversion ....... 11, 12 
(see also the individual data conversion routines) 

Input/output (see I/O) 
Integer and Real Input Conversion (CHCIl) 

(see Real and Integer Input Conversion) 
Integer argument, how passed 30 
Integer Output Conversion (CHCIH). . .. . .. 12, 13, 16, 17,24 
Interruption and 'viachine Indicator Routine (CHCBD). .. 27 
Interrupts 36 
I/O Control (CHCIC). .11-19,21,22 
I/O Initialization (CHCIA) .1l-20 

parameter list format 20 
I/O statements 11 
I/O subprograms ... 1, 11 

Job File Control Block (JFCB) 

KEYLEN values 

Linkages 
I/O routines 

20 

20 

30 
19 

( see also calling relationships) 
Link-edited form of library subprograms 
List Item Processor (CHCIE) 

29 
.11-16,18 

23 
11 

parameter list format 
List items 
List processing (sec list items; List Item Processor) 
List Termination (CHCIU). .11-16,18,19 
Literal format (DUMP and PDUMP) ... 9,35 
Loading of user-written versions 29 
I,og-gamma suhprograms: 

ALGAMA (CHCBT) 
D1.GA.\IA (CHCBV) 

Logic'! Input Conversion (CHCIQ). 
Logical Output COllversion (CHCIR). 

.5,47 

.5,48 
.... 12-15,25 

. .12, 13, 16, 17,25 

MacLine control byte 
~hcro illStructioui 

CALL 
FIND 
C.\TWR 
STOW 

~btl,cmatical subprograms 
a,sembler language information 
categorized by use 

33 
11,22,23,33 

31-32 
23 

.22,26 
23 

30 
1 

names ................... 2-6 
relationship of FUNCTION subprograms 1 
replacement rules 29 

Maximum absolute error . 3-5, 7 
Maximum relative error .3-5,7 
Messages for STOP .and PAUSE .......... 10 
Modt1I~, names (see routine names) 

NAMELIST control 
( see also NAMEI.lST Processor) 

NAMELIST Processor (CHCID). 
parameter list format 

NAMELIST table 
Newton-Raphson iteration 

Output data conversion 

...... 11,20 

...... 12,13, IS, 17,22,23 
22 

.... 22,23 
56 

.. 11-13 
( see also the individual data conversion routines) 

OVERFL subprogram .... 8,10 

64 

Overflow exception indicator 

Parameter lists 
I/O routines 

(see also the II 0 routine descriptions) 
mathematical subprograms 
service subprograms 

PAUSE subprogram 
PDUMP subprogram 

sample storage printouts 
Physical records 
Powers of ten table in CHCI}. 
PRINT request 

( set! also WRITE request) 
Printouts (DUMP and PDUMP) 
Program Control System (PCS) 
Program interrupts 
PSECT communication region, I/O 

( see also I/O communication) 
PSECTs 

I/O routines 
(see also II 0 communication) 

mathematical routines 
Pseudo indicators 
PUNCH request 

(see also WRITE request) 

8,10 

19,30-32 

.. 30-31 
31 

.8-10 
.8,9 

35 
34 
24 
11 

35 
9 

36 
27 

19,27 

2 
9 

11 

READ request. 11,14-16, 19ff, 31, 32 
Real and Integer Input Conversion (CHCll) .. 12-15, 19ff, 24 
Real argument, how passed 30 
Real Output Conversion (CHCI}). . 12, 13, 16, 17, 19ff, 24 

table of powers of ten 24 
RECFM values 20, 33 
Record format (see RECFM ) 
Register usages 
Relative error 
Return to calling program 
REWIND request 
Routine names 

110 (for list, see table of contents) 
mathematical 
service 

Sample used for accuracy figures 
Save areas of I/O routines 

(see also I/O Communication) 
Sense light subprograms 
Service subprogram, definition 
Significance exception 

.... 30 
.. 3-5,7 

30 
.. 11,19,20 

3-6 
8 

3-7 
.... 19,27 

8,9 
1 

36 
Sine subprograms (see trigonometric sine and cosine 

subprograms; hyperbolic sine arid cosine subprograms) 
SLITE subprogram 8,9 

8,9 
21,34 

36 

SLITET subprogram 
Spanning 
Specification exception 
Square root subprograms 

complex 
single and double precision 

Standard deviation 
absolute error 
relative error 

Statistical results, given for accuracy figures 

.3,57,58 
3,56-57 

.3-5,7 
.3-5,7 

7 
Stirling's formula ........ . 47 

.. 8-10 STOP subprograms 
Storage estimates 

mathematical subprograms 
service subprograms 

SUBROUTINE statement 
Subscripts (see arrays) . 
Supervisor 
SYNAD exit 
SYSLIB 
SYSIN 
SYSOUT 

2-6 
8 
1 

13 
21 

.... 1,19,29 
10 

... 10,26 



System Messages publication 

Tangent subprograms (see trigonometric tangent 
subprograms, hyperbolic tangent subprograms) 

T ri gonometric sine and cosine subprograms 
complex 
single and double precision 

Trigonometric tangent subprograms 

Underflow exception indicator 

1 

3,4,55,56 
.. .4,53,54 

.4,58-60 

.... 8, 10 

Unformatted logical records 
USASI control code 
User-written subprograms .. 

VAM 
Variables (see FORTRAN IV publication) 

Work areas (see PSECT) 
WRITE request 

Zero, division by 

34 
33 

.1,29 

33 

... 11,16-18,19 ,34 

36 
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