


3. Compute e—" by using a minimax polynomial approximation of degree 6 over

* log.2. In obtaining coefficients of this approximation,

therange 0 = r < 16

the minimax of relative errors was taken under the constraint that the constant
term a, shall be exactly 1. The relative error is less than 2-56-87,

4. Multiply e—" by 2—¢/1¢. The 16 values of 2—°/1% for 0 = ¢ = 15 are included in
the subprogram. Then halve the result b times.

5. Finally, add the hexdecimal exponent of & to the characteristic of the answer.

Effect of an Argument Error

E ~ A. If the magnitudé of x is large, even the round-off error of the argument
causes a substantial relative error in the answer because A = § + x.

CEXP/CDEXP

Algorithm

The value of e*+# is computed as e” * cos(y) + i * e® * sin(y). The algorithms for
both complex exponential subprograms are identical. Each subprogram uses the
appropriate real exponential subprogram (Exp or pExr) and the appropriate real
sine/ cosine subprogram (cos/sIN or pcos/DsIN ).

Effect of an Argument Error

The effect of an argument error depends upon the accuracy of the individual
parts of the argument. If e+% = R+ ¢, then H = yand «(R) ~ A (x).

Gamma and Log Gamma Subprograms

GAMMA/ALGAMA

Algorithm

L. If 0 < x = 2-2%2, then compute log-gamma as log.I'(x) = — log.(x).
This computation uses the real logarithm subprogram (aLoc).

2. If 27252 < x < 8, then compute log-gamma by taking the natural logarithm of
the value obtained for gamma. The computation of gamma depends upon the
range into which the argument falls.

_ (x+1)

3. If2-22 < x < 1, thenuse T'(x) = to reduce to the next case.

4. If 1 = x = 2, then compute gamma by the minimax rational approximation (in
absolute error) of the following form:
z[a + a1z + asz® + as2?]
by + bz + byz® + 23
where z = x — 1.5, The absolute error of this approximation is less than 2—25-9,
5. 1f2 < x < 8 thenuse I'(x) = (x — 1) I'(x — 1) to reduce step by step to the
preceding case.
6. If 8 < x, then compute log-gamma by the use of Stirling’s formula:
log.I'(x) == x(log.(x) — 1) — Y% log.(x) + % log.(2r) + G(x).
The modifier term G(x) is computed as
G(x) =dx—1 + d;x—2.
These coefficients were obtained by a form of minimax approximation minimiz-
ing the ratio of the absolute error to the value of x. The absolute error is less
than x » 2-202, Remembering the fact that x < log.I'(x) in this range, the
conlribution of this error to the relative error of the value for log-gamma is less

I'(x) =cy+
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than 2—26-2, This computation uses the real logarithm subprogram (aLoc).
For gamma, compute T'(x) = e?, where y is the value obtained for log-gamma.
This computation uses the real exponential subprogram (Exp).

Effect of an Argument Error
e ~ ¢ (x) * A for gamma, and E ~ ¢ (x) * A for log-gamma, where y is the
digamma function.

1
If - <x< 3, then —2 < y (x) < 1. Therefore, E ~ A for log-gamma. How-

ever, because x = 1 and x = 2 are zeros of the log-gamma function, even a small
3 can cause a substantial ¢ in this range.

If the value of x is large, then ¢ (x) ~ log, (x). Therefore, for gamma,
e ~ 8 x » log. (x). In this case, even the round-off error of the argument con-
tributes greatly to the relative error of the answer. For log-gamma with large
values of x, ¢ ~ 8.

DGAMMA/DLGAMA

Algorithm

1. If 0 < x = 2252, then compute log-gamma as log.,T'(x) = — log.(x).
This computation uses the real logarithm subprogram (prog).

2. If 2722 < x < 8, then compute log-gamma by taking the natural logarithm
of the value obtained for gamma. The computation of gamma depends upon the
range into which the argument falls.

or r'(x+1)
3. If2-252 < x < 1, then use T'{x) = — to reduce to the next case.

4. If 1 = x = 2, then compute gamma by the minimax rational approximation (in
absolute error) of the following form:
zlay + aiz + ... + agz®]
b+ biz+ ...+ bez® + 27
where z = x — 1.5. The absolute error of this approximation is less than 2—5-2,
5. M2 < x <8 thenuse I'(x) = (x — 1) I'{x — 1) to reduce to the preceding
case.
6. If 8§ = «x, then compute lInog-gamma by the use of Stirling’s formula:
log.T(x) = x(log.(x) — 1) — Yo log.(x) + Y log.(2x) + G(x).
The modifier term G(x) is computed as
G(x) =dx ' +dix® + dox % + dyx—7 + dx—*,

These cocfficients were obtained by a form ef minimax approximation minimiz-
ing the ratio of the absolute error to the value of x. The absolute error is less
than x « 2561 Remembering the fact that x < log.I'(x) in this range, the
contribution of this error to the relative error of the value for log-gamma is less
than 2361, This computation uses the real logarithm subprogram (proc). For
gamma, compute T'(x) = ¢¥, where y is the value obtained for log-gamma.
This computation uses the real exponential subprogram (pExr).

T'(x) =co+

Efect of an Argument Error

e ~ ¢(x) » A for gamma, and E ~ y(x) * A for log-gamma, where y is the
digamma function.

1
If 5 <x< 3, then —2 < ¢(x) < 1. Therefore, E ~ A for log-gamma. How-

cver, because x = 1 and x = 2 are zeros of the log-gamma function, even a small
8 can cause a substantial ¢ in this range.
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If the value of x is large, then y(x) ~ log.(x). Therefore, for gamma,
e ~ 8+ x * log.(x). In this case, even the round-off error of the argument con-
tributes greatly to the relative error of the answer. For log-gamma with large
values of x, ¢ ~ 8.

Hyperbolic Sine and Cosine Subprograms

SINH/COSH

Algorithm
1. If |x| < 1.0, then compute sinh(x) as:
sinh(x) == x + ¢x® + c2x® + cax".

The coefficient ¢; were obtained by the minimax approximation (in relative

sinh(x .
(x) as the function of x2. The maximum relative error of this

error) of

approximation is 2—25-8,
2. If x = 1.0, then sinh(x) is computed as:
sinh(x) = (]_ + 8) [ew+logev — 02/e.r+loge1;]‘

1
Here, 1 + § = 35 > 5O that this expression is theoretically equivalent to

[er — e—%]/2. The value of v (and consequently those of log.v and §) was so
chosen as to satisfy the following conditions:
a) v is slightly less than 2, so that § > 0 and small.
~b) log.vis an exact multiple of 214,

The condition b) insures that the addition x + log.v is carried out exactly. This
maneuver was designed to reduce the round-off errors and also to enlarge the
limits of acceptable arguments. This computation uses the real exponential sub-
program (EXP).

3. If x = — 1.0, use sinh(x) = — sinh(x|) to reduce to case 2 above.

4. If cosh (x) is desired, then for all valid values of arguments use the identity:
cosh(x) = (1 + 8) [e*+&? + p¥[/e?t1¢.7], Here the notation and the consid-
eration are identical to case 2 above. This computation uses the real exponential
subprogram (Exp).

Effect of an Argument Error

For the hyperbolic sine, E ~ A * cosh (x) and ¢ ~ A * coth(x).
For the hyperbolic cosine, E ~ A « sinh(x) and ¢ ~ & » tanh{x).

Specifically, for the cosine, ¢ ~ A over the entire range; for the sine, ¢ ~ 8 for
small values of x.

DSINH/DCOSH

Algorithm
L. If |x| < 0.881374, then compute sinh(x) as:
sinh (x) == cox + ¢12® + cox® + ... + cex!3.

The coefficients ¢; were obtained by the minimax approximation (in relative
sinh(x)

error ) of as the function of 2. Minimax was taken under the constraint

that ¢y = 1 exactly. The maximum relative error of this approximation is 2557,
2. If x = 0.881374, then sinh(x) is computed as:

Slnh(x) = (1 + 8) [e-z‘+10geﬂ — 02/ea:+logev].
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1 .
Here, 1 + § = 55 5O that this expression is theoretically equivalent to
)

[er — e=*]/2. The value of v (and consequently those of log.v and §) was so
chosen as to satisfy the following conditions:
a) v is slightly less than 24, so that § > 0 and small.
b) log.v is an exact multiple of 2—1°.
The condition b) insures that the addition x + log.v is carried out exactly. This
mancuver was designed to reduce the round-off errors and also to enlarge the
limits of acceptable arguments. This computation uses the real exponential sub-
program (DEXP). :
3. If x = —0.881374, then use sinh(x) = —sinh(|x|) to reduce to case 2 above.
4. If cosh(x)is desired, then, for all valid arguments use the identity:
cosh(x) = (1 + 8§) [erter 4+ p?/er+l2r] Here the notation and the consid-
eration are identical to case 2 above. This computation uses the real exponential
subprogram (DEXP).

Effect of an Argument Error
For the hyperbolic sine, E ~ A * cosh(x) and e ~ A * coth(x).
For the hyperbolic cosine, E ~ A « sinh(x) and ¢ ~ A « tanh(x).
Specifically, for the cosine, ¢ ~ A over the entire range; for the sine, ¢ ~ § for
the small values of x.

Hyperbolic Tangent Subprograms

TANH

Algorithm

L If jx|< 2~ then tanh(x) = x.

2. If 271 < |x| = 0.7, use the following fractional approximation:

tanh(x)
x

0.8145651
= 1 — x*} 0.0037828 + ]

x? + 2.471749

The coefficients of this approximation were obtained by taking the minimax
of relative error, over the range x* < 0.49, of approximations of this form under
th constraint that the first term shall be exactly 1.0. The maximum relative
error of this approximation is 2264,
2
The soiuiputation for this case uses the real exponential subprogram (exp).
4. Hx =001, than tanh(x) == 1.

Lo 107 < x< 9.011, then use the identity tanh(x) =1 —

5. If x < —0.7, then use the identity tanh(x) = —tanh( —x).
Effect of an Argument Error
. . N 2a
E ~ (1 — tanh®x) A, and € ~ ————— For small values of x, ¢ ~ §, and as the
sinh (2x) -
value of x increases, the effect of § upon e diminishes.
DTANH
Algorithm

1. If |x| = 22 then tanh(x) == x.
2. 1f 27*% < jx| < 0.54931, use the following fractional approximation:
tanh(x) dix2 ds ds
' ST Y Yo+ 2 tat 2ta




3.

This approximation was obtained by rewriting a minimax approximation of the
following form:
tanh(x) ) a, + a;x* + axx?

~ 2 o
xS ht e T b T

Here the minimax of relative error, over the range 2 = 0.30174, was taken
under the constraint that ¢, shall be exactly 1.0. The maximum relative error of
the above is 2%,

2
e + 1’
This computation uses the double precision exponential subprogram (peExp).

If 0.54931 < x < 20.101, then use the identity tanh(x) = 1 —

4. If x = 20.101, then tanh(x) = 1.

5. If x = — 0.54931, then use the identity tanh(x) = — tanh( — x).

Effect of an Argument Error

E ~ (1 — tanh®x) A, and ¢ ~ __.2.'_%.__. For small values of x, ¢ ~ 8. As the
’ sinh {2x)

value of x increases, the effect of § upon e diminishes.

Logarithmic Subprograms (Common and Natural)

ALOG/ALOG10
Algorithm
1. Write x = 167 » 2—¢ « m where p is the exponent, ¢ is an integer, 0 = q = 3,

2.

6.

1
. Now, x = 2—a—b. i

. 1+2z
. To obtain logn(l—:—;), first compute w = 2z =

and m is within the range, %6 < m < 1.
Define two constants, a and b (where a = base point and 2-? = a), as follows:

If Yo =m <« —=,thena = % andb = 1.

\/2
1
—_— << = =
vaz_m<1thena land b = 0.
Writ "‘m—aTh = tz dlz! < 0.1716
. Writez = + o Then,m =a* 3——an |zl < 0. .

z 142z
,and log.(x) = (4p — g — b) log. 2 + log(.( )
-z 1 - 2z/.
m —

0.5m + 0 Sa
resented in our system with slightly more significant digits than z itself), and
apply an approximation of the following form:

1+ =z cw?
log. ( ) w [c., — q].

These coefficients were obtained by the minimax rational approximation of

(which is rep-

1+ =z
57 Ioge(—_——z) over the range z* ¢ (0, 0.02944) under the constraint that ¢,

shall be exactly 1.0. The maximum relative error of this approximation is less
than 2——25.33'
If the common logarithm is desired, then log,;x = logige * logex.

Effect of an Argument Error

E ~ 8. Specifically, if § is the round-off error of the argument, e.g., 5§ ~ 6 » 10~5,
then E ~ 6 « 10—®, Therefore, if the argument is close to 1, the relative error can
be very large because the value of the function is very small.
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DLOG/DLOG10

Algorithm

1.

2.

6.

Write x = 162 « 2-¢ = m where p is the exponent, g is an integer, 0 = g = 3,
and m is within the range Y2 = m < 1. ,
Define two constants, @ and b (where a = base point and 2-% = a), as follows:

If1/g<m<\/2 thene = Y2 and b= 1.
If%ﬁm<1thena land b = 0.
. m-—a z (
Write z = e Then,m =a-* - and |z! < 0.17186.
1+ =z 1+z
Now, x = 2#p—a-b 1= z,andlo&.x = (4p — q — D) log.2 + log. (l — z)’

m—a hich i
05m + 054 (which is repre-

sented in our system with slightly more significant digits than z itself), and
apply an approximation of the following form:

) Cy
co ot f w4+ p .
o 5
w® +ecy +

1+2
To obtain log, (1—_: , first compute w = 2z =

log. =1

w? + ¢q

Thcsu codﬁcients were obtained by the minimax rational approximation of

( ) over the range z* € {0, 0.02944) under the constraint that ¢,

shan be exactly 1.0. The maximum relative error of this approximation is less
than 2-60-5%,
If the common logarithm is desired, then log;ox = log;e * log,x.

Effect of an Argument Error

E ~ 8. Therefore, if the value of the argument is close to 1, the relative error can
be very large because the value of the function is very small.

CLOG/CDLOG

Algorithm

1. Write log. (x + iy) = a + ib.

2. Then, o = log, |x -+ iyl and b = the principal value of arctan (y, x).
3. log, |x + iy| is computed as follows:

52

Let oy = max (x|, y|), and v, = min (|x|,

¥,)-

1
Let t be the exponent of vy, ie., v; = m * 16, 16 =m<L
)t ift=<0
Finally, let ¢, = V- Lif¢ > 0(
and s = 16'.

Then, log, [x + iy| = 4¢, + log.(2) + % log. [( ) (UT)]

Computation of vi/s and v.fs are carried out by manipulation of the charac-
teristics of v; and v.. In particular, if v./s < 1, it is taken to be 0. The algor-
ithms for both complex logarithm subprograms are identical. Each subprogram
uses the appropriate real natural logarithm subprogram (avroc or pLoc) and the
appropriate arctangent subprogram ( ATAN2 Or DATAN? ).



Effect of an Argument Error

The effect of an argument error depends upon the accuracy of the individual
parts of the argument. If x + iy = r* e* and log. (x + iy) = a + ib,thenh = b
and E(a) = 8(r).

Sine and Cosine Subprograms

SIN/COS

Algorithm

4
1. Define z = — « |x| and separate z into its integer part (g ) and its fraction part
ks

(r). Thenz = g + r, and |x| =(;r 'q)+({—'r)-

2. If the cosine is desired, add 2 to q. If the sine is desired and if x is negative,
add 4 to q. This adjustment of ¢ reduces the general case to the computation
of sin (x) for x = 0 because

cos (*x) = sin (-%—+ x), and
sin ( — x) = sin(= + x).

3. Letgo=q mod 8.

Then, for g = 0, sin (x) = sin

(5
go = 1,sin (x) = cos (—Z-(l - r)),

go = 3, sin (x) = sin (Z (1 -f)),

-n),
go = 6,sin (x) = — cos ( 7] -r),

%=1gnu)=—ﬁn(%41—n)

go = 4,sin (x) = — sin (-z-—-r

qo = 3,sin (x) = — cos %—(1
ks

k.8
These formulas reduce each case to the computation of either sin (T . rl)

mw
or cos ( T’ r1) where ry is either r or (1 — r) and is within the range,

0=n=<1

4. If sin ( Z °r )is needed, it is computed by a polynomial of the following

form:

. kg
sin 4

The coeflicients were obtained by the interpolation at the roots of the Chebyshev
polynomial of degree 4. The relative error is less than 2—281 for the range.

. rl)g ry (ap + a2 + apr? + asrl®).
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5. If cos (j} 1 )is needed, it is computed by a polynomial of the following
form:

mw
.

cos ( 1 rl)z 1+ b2 + baryt +bari®

Cocflicients were obtained by a variation of the minimax approximation which
provides a partial rounding for the short precision computation. The absolute
error of this approximation is less than 2—2457.

Effect of an Argument Error

E ~ A. As the value of x increases, A increases. Because the function value dimin-
ishes periodically, no consistent relative error control can be maintained outside

the principal range, — % ==+ %

DSIN/DCOS

Algorithm

1. Divide [x! by':;— and separate the quotient (z) into its integer part (g) and

its fraction part (r). Then, z = /x| ¢ = g + r, where ¢ is an integer and r
is within the range, 0 = r < 1.

2. If the cosine is desired, add 2 to g. If the sine is desired and if x is negative,
add 4 to q. This adjustment of g reduces the general case to the computation of
sin (x) for x == 0, because

cos (£ x) = sin ([‘d + —;—),and

sin (= x) = sin (|x] + =).

3. Let ¢, =g mod 8.

Then, for g, = 0, sin (x) = sin

(
go = 1,sin (x) = cos (
(
(

qy = 2,8in (x) = cos

qy = 3,sin (x) = sin

),

gy = 4,sin (x) = — sin ( Z . r),
go = 5,sin (x) = — cos ('—Z——(l — r)),
go = 6,sin (x) = — cos ( Z . r),
qgo = T,sin (x) = — sin (%(1 - r)).

. kid
These formulas reduce each case to the computation of either sin (_Z . rl)

Kid
or cos ( 7N ); where 1, is either r or (1 — r), and is within the range,

0=n=1
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4 4
interpolations of degree 6 in r,2 for the sine, and of degree 7 in r,2 for the cosine.
In either case, the interpolation points were the roots of the Chebyshev poly-
nomial of one higher degree. The maximum relative error of the sine polynomial
is 258 and that of the cosine polynomial is 2—%3,

4. Finally, either sin(:— ' )or cos (-Zr- o1y )is computed, using the polynomial

Effect of an Argument Error

E ~ A. As the value of the argument increases, A increases. Because the function

value diminishes periodically, no consistent relative error control can be main-
b k4

tained outside of the principal range, — ~—2—§ 2= +—2—.

CSIN/CCOS

Algorithm
1. If the sine is desired, then
sin(x + iy) = sin(x) * cosh(y) + i* cos(x) * sinh(y).
If the cosine is desired, then
cos(x + iy) = cos (x) * cosh(y) — i+ sin(x) * sinh(y).
2. The value of sinh(x) is computed within the subprogram as follows.
Assume x = 0 for this, since sinh( — x) = — sinh(x).

1
3. If x = 0.346574, then use sinh (x) = % (ez - -é;).
4. If 0 = x < 0.346574, then compute sinh(x) by use of a polynomial:
sinh(x)

X

=gy + a;x% + a.x.

The coefficients were obtained by the minimax approximation (in relative
error) of sinh(x)/x over the range 0 =< x? < 0.12011 under the constraint that

a, shall be exactly 1.0. The relative error of this approximation is less than
2—-28.18’

5. The value of cosh(x) is computed as cosh (x) = sinh|x| + P

This computation uses the real expoential subprogram (Exe) and the real
sine/cosine subprogram (sin/cos).
Effect of an Argument Error

To understand the effect of an argument error upon the accuracy of the answer, the
programmer must understand the effect of an argument in the siN/cos, Exp, and
SINH/COsH subprograms.

CDSIN/CDCOS
Algorithm
1. If the sine is desired, then
sin (x+iy) = sin(x) * cosh(y) + i* cos(x) ¢ sinh(y).
If the cosine is desired, then
cos{x + iy) = cos(x) * cosh(y) — i+ sin(x) * sinh(y).
2. The value of sinh(x) is computed within the subprogram as follows.
Assume x = 0 for this, since sinh( — x) = — sinh(x).

3. If x = 0.481212, then use sinh(x) = % (e’ - —1—)
eI
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4. If 0 = x < 0.481212, then compute sinh(x) by use of a polynomial:
sinh{x)

=a, + a1x® + ax* + azx® + ax® + asx'C.

The coefficients were obtained by the minimax approximation (in relative
crror) of sinh(x)/x over the range 0 = «? = 0.23156 under the constraint '
that a, shall be exactly 1.0. The relative error of this approximation is less
than 2—56.07,

1
5. The value of cosh(x) is computed as cosh (x) = sinh|x| + o

This computation uses the real exponential subprogram (bexp) and the real
sine/ cosine subprogram (DSIN/DCOS ).
Effect of an Argument Error

To understand the effect of an argument error upon the accuracy of the answer,
the programmer must understand the effect of an argument error in the psmv/pcos,
DEXP, and DSINH/DCOSH subprograms.

Square Root Subprograms

SQRT

Algorithm

1. If x = 0, then the answer is 0.
2. Write x = 16**—¢ + m, where 2p — q is the exponent and g equals either 0 or 1;

1
m is the mantissa and is within the range 6 =m<L

3. Then, vVx = 162 « 4—2/ 1.
4. For the first approximation of \/x, compute the following:
1.288973
0.8408065 + m /J*
This approximation attains the minimax relative error for hyperbolic fits of v/x.

The maximum relative error is 2—5-748,
5. Apply the Newton-Raphson iteration

%( + = )
UYn = " o
+1 Y Un

twice. The second iteration is performed as
y ( x + x
l 2 i 2 - ——7
Y Y1 v "

with a partial rounding. The maximum relative error of y, is theoretically
9—25.9,

Yo =167+ 47+ (1.681595 -

Effect of an Argument Error
1

€ ~— 4.

2

“

DSQRT

Algorithm
1. If x = 0, then the answer is 0.
2. Write x = 16%—%+ m, where 2p — q is the exponent and q equals either 0 or 1;

1
m is the mantissa and is within the range 16 =m<L
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3. Then, Vx = 167+ 4-7\/m.
4. For the first approximation of \/x, compute the following:
Yo = 167« 4179+ 0.2202 (m + 0.2587).

The extrema of relative errors of this approximation for ¢ = 0 are 23202 at

1
m=1,2-325 gt m = 02587, and 2—29% at m = 16 This approximation, rather

x
than the minimax approximation, was chosen so that the quantity 7 — y3 be-
3

low becomes less than 16°—8 in magnitude. This arrangement allows us to
substitute short form counterparts for some of the long form instructions in the
final iteration.

5. Apply the Newton Raphson iteration

x
n =%(,,+—)
Yn+1 Y n

four times to yo, twice in the short form and twice in the long form. The final
step is performed as
x
yu=ys+ % ("““ys)
Ys
with an appropriate truncation maneuver to obtain a virtual rounding. The
maximum relative error of the final result is theoretically 29323,

Effect of an Argument Error
1

e~—>3

2

CSQRT/CDSQRT
Algorithm
1. Write vVx + iy = a + ib.

x|+ jx + 4 —
2. Compute the value z = \ )————2——!/— as k* vV w; + wy; where k, w, and w»

are defined in 3, or 4, below. In any case let v, = max (||, |y|) and
Uy = min (lx!7 ‘yl )'
3. In the special case when either v, = 0 or v; > v,, let w; = v, and w, = v, 50

that w, + w;, is effectively equal to v,.
Alsoletk = 1ifv, = || and

k=1/v2ifv, = Jy|.

P3
4. In the general case, compute F = \} Yy + Y (_Z_z_) .
1
If |x| is near the underflow threshold, then take
w, = ]x[, we =v,*2F,and k = 1/V/2.
If v, * F is near the overflow threshold, then take
w, = [x]/4, w; = v, *F/2,and k = V2.

In all other cases, take w; = |x]/2,w; = vy * F,and k = 1.
S.lfz=0,thena=0and b = 0.
Ifzs<0and x = 0, then a = z, and

=7
b= %
Hz<0andx < 0, thena = 'gz-‘,and
b = (signy) * z.
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The algorithms for both complex square root subprograms are identical.
Each subprogram uses the appropriate real square root subprogram (SQRT or
DSQRT ).

Effect of an Argument Error

The effect of an argument error depends upon the accuracy of the individual
parts of the argument. If x + iy = r+ e*and Vx + iy = R+ &',

thene(R) ~ é‘ 8(r),and (H) ~ 8(h).

Tangent and Cotangent Subprograms

TAN/COTAN
Algorithm

1. Divide |x| by —;L and separate the result into integer part (g) and the fraction

part (r). Then |x| = —;—r— (g + ).

2. Obtain the reduced argument (w) as follows:
if g is even, thenw = r
if gisodd, thenw =1 — r.
The range of the reduced argument is 0 = w = 1.
3. Let gy = g mod 4.

)
)

qu=2,tan}x[=—cot(z °w)andcot}x§=—tan(w )

<)

. w) are computed as the ratio of two

Then for g, = 0, tan |x| = tan (—g— . w) and cot [x| = cot (

4

n mw
qo = 1, tan |x! = cot ( . w) and cot |x| = tan

™
qo = 3, tan [x! = — tan ( T w) and cot |x| = — cot (
4. The value of tan (

w m
1" w)andcot( 1
polynomials:

a (l‘;*.w)gg%;ﬁ’ ( )Nw-(;&

wher: # = Yaw" and

Flu) = -- 8460901 + u
Qlu) = — 10.772754 + 5.703366 » u — 0.159321 + u2.

These cocfficients were obtained by the minimax rational approximation (in
relative error) of the indicated form. The maximum relative error of this
approximation is 2—2%, Choice of u rather than 1> as the variable for P and Q
is to improve the round-off quality of the coefficients.

5. If x < 0, then tan(x) = — tan [x|, and cot(x) = — cot |z].

6. This program is provided with two kinds of error controls. One is for arguments
whose magnitude is greater than 2'% » . The other is for arguments which are
very close to a singularity of the function. In either case, the precision of the
argument is deemed insufficient for obtaining a reliable result. More specifically,
the second control screens out the following arguments:

a) |x| = 16~ % for cotan (the result would overflow ).
b) x is such that one can find a singularity within eight units of the last digit
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value of the floating-point representation of the sum g + r. Singularities are
cases when the cotangent ratio is to be taken and w = 0.
The test threshold of this control can be dynamically modified by assembler
code programs.

Effect of an Argument Error

and ¢ ~ for tan(x). Therefore, near the singularities

2
E~ cos”(x) sin(2x)
x = (k +— ) «, where k is an integer, no error control can be maintained. This

is also true for cotan(x) for x near kx, where k is an integer.

DTAN/DCOTAN
Algorithm

1. Divide |x| by% and separate the result into integer part (g) and the fraction

part (7). Then |x| =—Z—(q + ).

2. Obtain the reduced argument (w) as follows:
if giseven, thenw = r
ifgisodd,thenw =1 — 1.
The range of the reduced argumentis0 < w < 1.
3. Letgo=q mod 4.

w
4 '“’)'
m
4 '“’)’

Then for go = 0, tan |x| = tan ( Z . w)and cot |x| = cot (

. w)and cot |x| = tan (

ki3
go = 1, tan |x| = cot (4

| k T
Go = 2,tan |x| = — cot ( e w)and cot [x] = — tan (—‘—1— . w),
w T
go = 3,tan |x| = — tan (.Z_ . w)andcot |x| = — cot (_4_ . w).
4. The value of tan (% . w) and cot ( Z . w) are computed as the ratio of
two polynomials:
1r w e P(w?) Q(w?)
tan(4 w)_———-——Q(w2) ,andcot( w) —_—_w'P(w2)

where both P and Q are polynomials of degree 3 in w2 The coefficients of P

and Q were obtained by the minimax rational approximation (in relative error)

1
of vy tan ( % w ) of the indicated form. The maximum relative error of this

approximation is 2—55-6,

. If x < 0, then tan(x) = — tan ||, and cot(x) = — cot [x].

. This program is provided with two kinds of error controls. One is for argu-
ments whose magnitude is greater than 25° « «. The other is for arguments which
are very close to a singularity of the function. In either case, the precision of
the argument is deemed insufficient for obtaining a reliable result. More
specifically, the second control screens out the following arguments:

a) |x| = 16— for cotan (the result would overflow).

b) x is such that one can find a singularity within eight units of the last digit
value of the floating-point representation of the sum g + r. Singularities are
cases when the cotangent ratio is to be taken and w = 0.

[« I
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The test threshold of this control can be dynamically modified by assembler
code programs.

Effect of an Argument Error

and e for tan(x). Therefore, near the singularities of -

~ cos*(x) ™ sin(2x)
1
x = (k + —2—) =, where k is an integer, no error control can be maintained.

This is also true for cotan(x) for values of x near kr, where k is an integer.

Implicitly Called Subprograms

The entry point names of the following implicitly called subprograms are gener-
ated by the compiler.

Complex Multiply and Divide Subprograms

CDVD £ /CMPY # (Divide/Multiply for COMPLEX*8 Arguments)
CDDVD # /CDMPY # (Divide/Multiply for COMPLEX*16 Arguments)

Algorithm
Multiply: (A + Bi) (C + Di) = (AC — BD) + (AD + BC)i
Divide: (A + Bi)/(C + Di)

1. If |C §|D], set
A=B B=—AC=D,D = — (C,since
A + Bi B=

= Ai before step 2.
C+Di D-Ci

o] AI’ — A Y J— B [ D

2. Set ~—“C—;B—C,D——E";

then compute

A + Bi A"+ B'i A"+ B'D B — A'D

C+Di-1%Di - 1¥pD-T 1T¥DD *©

Error Conditions

Partial underflows can occur in preparing the answer.

Complex Exponentiation Subprograms

FCDXI14£ (COMPLEX*16 Arguments)
FCXPl# (COMPLEX*8 Arguments)

Algorithm

The value of y, + yui = (2, + z.i)’ is computed as follows.
K

Let lj| = E 7. * 2" wherer, = Qorlfork=0,1,..., K.
k=0

Then z [i} = 7 z¥*, and the factors z** can be obtained by successive squaring.
. A0

More specifically:
1. Inmitially: k = 0, n'” = |jl, 4, " + y. Vi =1 + 04,

2™+ 2, =z, + Zol.
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2. Raise the index k by 1, and let n*~» = 2q + r, where q is the integer
quotientand r = O or 1.
. Letn®® = gq.
Ifr=0,theny, ® + y.,®i = y, *—V + y, (=14,
Ifr = 1, theny, @ + yo i = (y, = + yo k=) (2, %D + 25— 1g),
5. If n® == 0, then 2, + z,®i = (2%~ + z,'*~1 )2, and steps 2
through 5 are repeated until nt®*» = 0.
6. Whenn® = 0,andj = 0, theny; + y.i = y* +y¥i.
Ifj <0 theny; + ysi = (14 0) / (1™ + y2Wi).

= o

Exponentiation of a Real Base to a Real Power Subprograms

FDXPD# (REAL*8 Arguments)
FRXPR# (REAL*4 Arguments)

Algorithm

1. Ifa = 0and b =< 0, error return.
Ifa=0and b > 0, the answer is 0.

2. Ifa=<0and b = 0, the answer is 1.

3. All other cases, compute a? as e? * ° ¢, In this computation the exponentxal sub-
routine and the natural logarithm subroutine are used. If a is negative or if
b « log a is too large, an error return is given by one of these subroutines.

Error estimate

The relative error of the answer can be expressed as (¢ + ) b * log (a) + e
where ¢, €, and e are relative errors of the logarithmic routine, machine multi-
plication, and the exponential routine, respectively.

For FDXPD¥, ¢ =< 3.5x10-16 ¢, =< 2.2x10-1% and & = 2.0x10-1%. Hence the
relative error = 5.7x10~%x | b+ log @ | + 2.0x10~'%. Note that b * log a is the
natural logarithm of the answer.

For FRXPR¥, ¢; = 8.3x1077, ¢, =< 9.5x10~7, and ¢; = 4.7x10-7. Hence the relative
error = 1.8x10-%x | b » Ioga | +4.7x10-7.

Effect of an Argument Error

[a(l 4+ 8)]b(1+ &) ==a’(1 + 8:b *loga + bs,). Note that if the answer does
not overflow, |b * log a} < 175. On the other hand b can be very large without
causing an overflow of a® if log ¢ is very small. Thus, if ¢ = 1 and if b is very

large, then the effect of the perturbation 8, of a shows very heavily in the relative
error of the answer,

Exponentiation of a Real Base to an Integer Power Subprograms

FDXPi{# (REAL*8 Arguments)

Algorithm
K
The value of y = a' is computed as follows: Let |j| = E r:2* where r, = Oor 1
k=20
fork = 0,1, ..., K Then d\l = g and the factors a** can be obtained by suc-
. 7. #0

cessive squaring.

More specifically:

L. Initially: k = 0,0 = |j|, y'® = 1,and 2® = a.
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2. Raise the index k by 1, and decompose n'* =1 = 29 + r, where q is the
integer quotient and r = Qor 1.

3. Letn'™ = q.

4. Ifr = 0, then y™) = y'—D,
Ifr = 1’ then y(m = yll.»—lsz{k«l)_ )

5. It n") 5= 0, then 3% = z—1z01-) and steps 2 through 5 are repeated
until n'*' = Q.

1
6. Whenn'' = 0,andj = 0,theny = y™ . Ifj < 0, theny = W

Note: The negative exponent is computed by taking the reciprocal of the posi-
tive power, Thus it is not possible to compute 16.0**—64 because there is a lack
of symmetry for real floating-point numbers — i.e., 16.0**—64 can be represented,
but 16.0%*64 cannot. The result is obtained by successive multiplications and is
exact only if the answer contains less than 14 significant hexadecimal digits.

FRXPI# (REAL*4 Arguments)

Algorithm
This subprogram has the same algorithm as Fixpi#, which follows.

Exponentiation of Integer Base to Integer Power Subprogram

FIXPI# (INTEGER*4 Arguments)

Algorithm

K,
The value of L = I/ is computed as follows: Let j = 2 r. * 2% where r, = 0
k=20
orlfork =01 ... K Then I’ = & I?*, and the factors I?* can be obtained by
7. #0
successive squaring.
More specifically:
1. Initially: k = 0, n' =4,y = 1, and m™ = L
2. Raise the index k by 1, and decompose n'*="" = 2q + r, where ¢q is the

integer quotient and r = Qor 1.
3. Letn™ = gq.
4. It r =0, theny™ =y -1,
It r=1,theny™ = y*—1 e« pti-1,
5. If nt#r -k 0, then m'™ = m¥* =1 « ;=1 and steps 2 through 5 are repeated

until n'*: = (),
6. Whenn = 0, L = L',
Note: The result is obtained by successive multiplications. The result is exact
only if it is less than (2%*31) — 1. Results are meaningless when this limit is

cxceeded and may even be of changed sign.
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Absolute error ... .. P 3-5,7
Absolute value subpmgrams R . ...5,40
Accuracy figures, mathematical subprograms e 2-7, 37-62
Alignment ... ... . o 36
Alphameric and Hexadecimal Input Conversion

(CHCIO) . ... ... 12-15, 25

Alphameric and Hexadecimal Output Conversion
(CHCIP) ... .. ... ... .............. 12,13, 16, 17,25
Aresine and arccosine subprograms .. ... ... ... ... 3, 40, 41
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Argument ranges, mathematical subprograms ... ... .. ... .. 3-7
Arguments, mathematical subprograms . ....... ... ... 2-6, 30
(sce also parameter lists T -
ArTays .o 22, 23,32
(see also FORTRAN v pubhcatmn)
Assembler language ..... .. . ... .. ... 1, 11, 30-32
BACKSPACE request ........ ... ............ 11, 18,21
BSAM 33
CALL macro instruction . .. .. ... ... .. ... .. ... .. 30, 31
Calling relationships
I/O routines .. ... ...... .. o 13
mathematical subprograms ... ... ... .. 2-6, 42-45, 48, 50-53
CHCBD interrupt-handling routine . ....... ... ... . .. .. 36
CHCBE interrupt-handling routine . ......... ... ... .. .. 36
COMMON . 9
Common and natural logarithm subprograms
complex ... .. .. ... 3,52
single and double precision . .. ... ... ... L0 3,51
COMMON statement .. .. ... ... .. ... ... 36
Complemented error function subprograms .......... 5,44-46
Complex argument, how passed . e 30
Complex Input Conversion (CHCIM) ........ 12-15, 19, 24, 25
Complex Output Conversion (CHCIN). .. ... . 12,13, 16, 17,25
Computations of mathematical subprograms ... ... 2-6, 35-62
Cor .tants (see FORTRAN 1V publication)
C: ‘rol Initialization (CHCIA) ... . ... . ... ... .. .. ... 11
see also 170 Initialization)
Conversion code (see FORMAT control character)
Cosine subprograms (see trigonometric sine and cosine
subprograms; hyperbolic sine and cosine subprograms)
CSECT
NAINCS . . ..o 29
sizes, mathematical subprog,rams ................. 2
Data Control Block (DCB). . ...... . .. ... ... 11, 20, 21 31-33
Data conversion . e 11
parameter list format ... . .. .. . ... ... ... ... 20

(see also the individual data conversion routines )
Data management .......... ... ... .. 11, 13, 20, 21, 33, 34
Data set organization (see DSORG values)
Data set reference number (DSBEN). . ... .. ... . .. . ... 20, 31
DCB (see data control block; DCB Maintenance )

DCB Maintenance (CHCIB). . ... .. .. ... .11-18, 20, 21, 22

parameter list format . ... ... ... L 21
DCB prefix .. ... ... .. . 21, 32
DDEF command . .. . ... ... .. .. .. .. 11, 20, 21, 31, 33
DDNAME 31

Definitions (see computatxom of mathematical subprograms)
Dimension .......... ..

Direct-reference mathematical subprograms .. ... ... 1,2,7,30

table .. 3-5
Divide check indicator ... ... .. .. . ... .. . o 8,10
DSORG values ... ... .. ... ... ..., 20, 33
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DUMP subprograms ... . ... ... .. ...... 8,9
sample storage printouts . ... 35
DVCHK subprogram ... .. .. .. . ... ... ... .. .. ... 8,10
. END exits by I/O routines ... .. ..., .............. 19-21
END FILE request .. .. .................. .11, 18, 20
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mathematical subprograms .. ... ... ... .. ... .. ... 2-6
service subprograms . ... ... .. . 8
EODAD exit .. ....... . e .21
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ERR exits by I/O routines ... ............ ... 19-21
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1/0 routines (see the 170 routine description)
mathematical subprograms . ... ... ... ... 2-6
service subprograms .. ... ... ... ... 8,9
Error function subprograms . ... ... ... ... .. ... 5, 44-46
Error Message Control (CHCIX) .. ....... .. .0 . .. ... 26
Error messages .. ... ... ... 1
I/O routines ... .. .. ... .. .. .... 26
mathematical subprograms .. ... ... 2-6
service subprograms .. ... ... ... 8
Exceptions ... ... ... ... ... 8, 10,36
Exit (CHCIW) .. . . 8,9,10,36
Exponent overflow exception .. . .. e 36
Exponent underflow exception . ... .. .. ... . ....... 36
Exponential subprograms
complex ... o 3,44
single and double preuslon ................ .3, 39,40
(see also indirect-reference mathematical subprogmms)
External names of library subprograms . ....... ... ... .. 29
Fixed point overflow exception .. ... .. ... ... ... . ... 36
Floating point-divide exception ... ... ... ... ... .. 36
Format control integer { DUMP and PDUMP) ... .. . 9
FORMAT control .. .. . .. .. ... . ... ..... 11, 104, 31, 32
(see also FORMAT processor )
FORMAT control character. ... . . ... ... 11,19, 25
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Format of DUMP and PDUMP printout ... ... .. .. . . 9,35
FORMAT Processor (CHCIF). ... .. 12-14, 16, 17, 23, 24, 31, 32
parameter list format ... .. 25
FORMAT specification (see FORMAT control character)
Formulas for mathematical subprograms . ... ... ... ... 37-62
FORTRAN
compiler .. .. ... e 2,29, 36
data management . .. ..., ... ... ... 11

(see also data man: \gement)
data set characteristics . ... ... ... .. ... .. ... 33
(see also FORTRAN Programmer’s Guide publication )
elements of the language (see FORTRAN IV publication}
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FORTRAN 1V publication . ......_. .. .. . ... A § |
FUNCTION subprograms ... .. ... ... .. ... ... ... 1
Function value . ... . ... .. S 1-7

how returned . ... .. ... .. ... ... ... ... 30
Functions
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mathematical subprograms .. ... ... ... .. 2-6
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DGAMMA (CHCBV) .. ... . ... ... i 5,48
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GATE operations .. ... ..
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Record format (see RECFM )
Register usages ... ... ... ... .. ... .. ... .. ... 30
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Routine names
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STOP subprograms . .............. ... ........ .. ... 8-10
Storage estimates

mathematical subprograms ... ... ... .. ... .. 2-6

service subprograms . ... .. ... ... 8
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