










































































































































































































































































































































































USE OF A PDP-9 FOR REAL TIME OFF LINE ANALYSIS 

OF SPECTRA FROM AN AERIAL SURVEY FOR RADIOACTIVE MINERALS 

C. J. Thompson 

Atomic Energy of Canada Limited, 
Commercial Products, 

Ottawa, Canada. 

ABSTRACT 

A PDP-9 is being used here to 
process data in real time from an air­
borne gamma ray spectrometer being 
used to detect deposits of radioactive 
minerals. A pulse height to width 
converter in the helicopter records 
pulse widths proportional to gamma 
ray energies on magnetic tape. The 
pulse widths are digitized into 1024 
channels by an interface to the PDP-9. 
A program examines the spectrum as a 
function of real time and records the 
ratios of the counts due uranium and 
thorium to natural potassium. The 
updated results are displayed using an 
interface designed to make full use of 
a variable persistence oscilloscope. 

INTRODUCTION 

During the past six months a sy­
stem has been developed by Atomic 
Energy of Canada Limited, Commercial 
Products, for real time off-line anal­
ysis of gamma ray spectra. 

The system has been used in the 
development of an aerial surveying 
technique 1 ,2, for detecting naturally 
radioactive elements as an aid to geo-
logical mapping. The work was 
carried out for Geological Survey of 
Canada. A gamma ray spectrum is re­
corded on magnetic tape while flying, 
in a helicopter, over regions where 
the activities of potassium, uranium 
and thorium had been measured on the 
ground. The tape is later played 
into a PDP-9 computer which analyzes 
the spectrum in real time. The sy­
stem has been field tested near 
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Bancroft and Elliot Lake, Ontario. 

The project as a whole was aimed 
at finding what size detectors would 
be necessary and what accuracy of 
mapping one could achieve, by flying 
a "developed system" in an aircraft 
at about 120 m.p.h. The "developed 
system" will be a detector-spectrum 
analysis package designed to make 
regular flights in a fixed wing air­
craft. 

This paper deals with the trial 
system instrumentation in the heli­
copter, and the subsequent analysis 
of data by the PDP-9 which together 
form the real time, off-line data 
reduction system. 

TilE DATA ACQUISITION SYSTEM 

The trial system was required to 
measure the count-rate in the gamma 
ray photopeaks associated with the 
radioactive decay of potassium, uran-
ium and thorium. These count-rates 
were to be corrected for Compton 
scattering from gamma rays of higher 
energy, the height of the helicopter 
above the ground, and the natural 
background activity from cosmic rays, 
etc. The count-rates were to be 
measured as a function of distance 
travelled by the helicopter. This 
could then be correlated with the 
helicopter position using aerial 
photography. 

The trial system used three S" x 
S" NaI CTI) crystals with S" photo­
multiplier tubes, as gamma ray 
detectors. The signals from these 
were added in a summing amplifier. 
The next step in most spectrum 



analysis of'this kind, is to sort 
out the various gamma ray energies 
with a multi-channel analyzer. In 
this case, however, since it is the 
changes in photopeak count-rate 
which are to be measured, a multi­
channel analyzer is unsuitable. 

The data acquisition system 
which we used was developed around 
a Sanborn type 39178 eight-channel 
analogue magnetic tape recorder, and 
a PDP-9 computer, both of which were 
already in use in our laboratories. 
Because of the cost of the heli­
copter flights it was decided to 
record, on magnetic tape, each pulse 
from the detector, live in the heli-
copter. The tape could then be 
played back into the computer and 
the spectrum analysis done off-line. 
By recording each pulse live it was 
possible to preserve a "real time" 
system so that count-rates could be 
measured from the tape with refer­
ence to the computer's clock. 

Since the recorder's bandwidth 
is only 300 KHz and the pulses from 
the sodium iodide detectors have 
frequency components much higher 
than this, the pulses could not be 
recorded directly on magnetic tape. 
To overcome this difficulty the ramp 
type pulse height encoder, which was 
to digitize the pulses for presenta­
tion to the computer, was split into 
two sections. The section contain­
ing the linear gate, pulse stretcher, 
ramp generator, and control logic 
was flown with the detectors in the 
helicopter. The output from this 
section is a pulse width, whose 
duration is proportional to the 
energy of the gamma ray and this 
pulse width is recorded on magnetic 
tape in such a way as to saturate 
it. In this way excellent linear-
ity is preserved and the effective 
bandwidth of the recorder is in-
creased. This pulse width, at 
playback time, is used to gate on a 
crystal clock in the second section 
of the encoder. This section is 
interfaced to the computer, and it 
is the number of "ticks" of the 
clock which determine the channel 
into which the incident gamma ray 
is encoded. 
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PULSE HEIGHT ENCODER 

The pulse height encoder used 
in this project is a development of 
one built a year previously for use 
with a four window-integrating anal-
yzer. Its use in this project was 
made possible by modifying it to 
work in two sections, and interfac-
ing it to the PDP-9. The two 
sections work equally well together, 
and are used in our laboratory for 
routine multi-channel analysis. 
The encoder has 1024 channels and 
digitizing rates of 2 or 10 MHz. In 
the pulse height to time section of 
the encoder 4, the incoming pulse 
is used to charge up a capacitor to 
the potential of the pulse peak. 
This capacitor is then discharged by 
a constant current, so that the 
potential difference across it is a 
linear ramp. The current is drain-
ed from the capacitor until a 
reference potential is reached. A 
flip-flop in the output circuit is 
kept on only during the period of 
the ramp. The output of this flip­
flop is a pulse width proportional 
to the original pulse height, and is 
recorded on the tape. This section 
also contains upper and lower level 
discriminators. During the con-
version a linear gate is closed to 
prevent pulses entering. This is 
re-opened 25 JJsec. after the ramp 
is finished, or by the computer if 
both sections are working together. 

The second stage of the encoder 
consists of the digitizing section 
and interface to the PDP-9. It 
takes pulse widths either directly 
from the first stage or from tape, 
and converts them to binary numbers. 
The pulse width is used to gate on a 
10 MHz crystal oscillator. Ten MHz 
is the normal digitizing rate. The 
bandwidth of the tape recorder limits 
the minimum width of the pulse to be 
digitized to 10 JJsec. For this reas­
on the analysis time is lengthened 
and a 2 MHz digitizing rate is used 
for taped spectra. The number of 
clock pulses is divided by five, 
using part of a divide by ten TTL 
integrated circuit. The gating is 
done on the 10 MHz signal to help 
synchronize the oscillator and the 
gating pulse. 



The pul~e widths are digitized 
by counting the gated clock pulses 
with a 10 bit ripple counter, con­
sisting of five dual JK TTL integra­
ted circuit flip-flops. The trail­
ing edge of the gating pulse sets 
the "program interrupt" flag in the 
encoder. The POP-9 issues a "read 
the encoder buffer" lOT command 
which puts the digital representa­
tion of the pulse, together with 
some high order bits specifying the 
absolute memory address to be in­
cremented, into the accumulator. 
The ripple counter is cleared and 
the linear gate opened, if possible 
automatically, after this lOT and 
the encoder is ready to accept the 
next pulse. 

The digitizing section, which 
also includes a live time clock, and 
the interface to the computer, is 
built on one 8" by 4" circuit board. 
The analogue section is on two simi-
lar size boards. The encoder is 
built into a 4-width standard 
"Nuclear Instrument Module". 

DISPLAYING OF RESULTS 

Another interface to the PDP-9 
which has been very useful in this 
project is the CPO 233 "Spectrum 
Display Unit". This display, con­
structed almost entirely from inte­
grated circuits was built especially 
for displaying multi-channel anal-
ysis spectra. The program written 
for its operation selects both the 
X and Y gain settings so that the 
region of the spectrum specified by 
the operator fills the entire CRT 
screen. When displaying spectra 
live from the encoder the display 
auto-ranges to a lower gain setting 
lest the peak of the spectrum go 
over the top of the screen. The 
program provides for linear or log-
arithmic displays. The display 
operates with a Hewlett-Packard 141A 
variable persistence oscilloscope. 
The persistence is varied to prevent 
the display flickering when display­
ing large numbers of channels. The 
screen is also erased under program 
control. 

A block diagram of the display 
is shown in Figure 4. The Y co-ord­
inate is set by the computer by 
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loading a 10 bit buffer register con­
sisting of three Fairchild "959" 
integrated circuits. These and a 
Fairchild ~A709 operational amplifier 
together with a resistor network 
form the 10 bit O/A converter for the 
Y axis. The X co-ordinate is set by 
another ~A709 used as an integrator. 
After each point is displayed several 
"increment X axis" instructions in 
the computer move the spot to the 
next point, (the exact number is det­
ermined by the criterion that the 
display should fill the screen). 

As an aid to examining features 
in the spectrum it is possible to 
identify any p~int in the displayed 
spectrum by means of the "halo gener-
ator". This turns any point on the 
spectrum into a small circle of light. 
With the point thus marked, the 
operator pushes the "push to locate" 
button on the interface. This 
connects the "halo" to the program 
interrupt facility and causes the 
teletype to identify the channel and 
give the number of counts it contains. 
Its use is similar to that of a 
"light pen" but it is rather more 
convenient to use. The method of 
operation is as follows. A Fairchild 
~A710 integrated comparator compares 
the X co-ordinate currently being 
displayed with the potential of the 
slide of the front panel potentio­
meter labelled "X position". When 
they are equal the channel is defined. 
This gates on a 1 MHz oscillator 
which is applied via a pulse split­
ting network to summing amplifiers 
for the X and Y axes. A Lissajous's 
figure, in this case a circle centred 
on the point to be identified, is 
displayed on the screen. 

The entire display unit is con­
structed on three 6" x 4" printed 
circuit boards which are housed in a 
2 width "Nuclear Instrument Module". 
(Figure 3) 

The display unit will also 
drive an X-Y plotter. The point 
plotting speed is set by an (ISZ , 
JMP .-1) wait loop in the computer, 
giving a plotting speed of about 7 
points in 10 seconds. This has 
been used both to plot and display 
most of the results obtained. 



PROGRAM FOR .DATA REDUCTION 

Prior to this project we were 
already using the PDP-9 for acquiring 
gamma ray spectra from both germanium 
and sodium iodide detectors. We use 
the CPD 229 Pulse Height Encoder/ 
Interface to bring the spectra into 
the computer. The multi-channel 
analysis program, "Spectrum" we use 
is similar in many respects to the 
DEC multi-analyserS program, but was 
written before the DEC program was 
available to us. A sub-routine, 
called "DISCOVER", was added to the 
main program to allow the spectra 
from the aerial survey to be examined 
as a function of time. Since every 
attempt was made to fly the heli­
copter at constant speed, we were 
able to obtain profiles of activity 
from potassium, uranium and thorium 
as a function of distance flown by 
the helicopter. 

To use the "DISCOVER" program 
the following operations must be 
performed. To correct the spectrum 
for background gamma radiation due to 
cosmic rays etc., a background spec­
trum is read into one of the four 
storage areas. This spectrum was re­
corded while hovering in the heli­
copter at about 500 feet over a 
large lake. Each run over a test 
strip was timed accurately, and this 
time, and the number of intervals 
into which it must be divided to get 
the count-rate measured at 500 foot 
intervals along the strip, is typed 
into the computer. It is also nec­
essary to type in the data area into 
which the spectrum will be placed by 
the encoder. 

The CPD 233 display can then be 
used either to display any of the 
count-rates as a function of dist­
ance, or more commonly to help plot 
the height of the helicopter above 
the ground. This is done by feeding 
the output of the radio-altimeter 
onto the Y axis of an X-V plotter. 
The X axis of the plotter is con­
trolled by the computer, via the 
display interface, in such a way 
that the pen excursion just covers 
the available plotting space. It 
moves the same distance in plotting 
out the count-rate data, so that the 
horizontal scale is the same for all 
plots. The total distance moved is 
independent of both the number of 
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intervals and the total time of 
flight over the test strip. 

A flow chart of the "DISCOVER" 
program is shown in Figure 5. The 
most important steps in the pro­
gram are described below. At a time 
corresponding to each 500 feet flown 
by the helicopter the real time 
clock in the PDP-9 causes a "program 
interrupt". This starts the program 
sequence which calculates the net 
counts in the potassium, uranium and 
thorium photopeaks since the last 
clock interrupt. 

The sequence of events (Figure 5) 
which takes place, is as follows. 

1. An appropriate fraction of the 5 
minute "Background" spectrum is 
subtracted, channel for channel, 
from the spectrum coming into the 
computer from magnetic tape. 

2. 

3. 

4 • 

The counts in all channels de­
fining photopeaks associated with 
gamma rays from potassium, uranium, 
and thorium are added together, 
and the value at the previous time 
is subtracted from this latest 
value. 

Some of the counts so obtained 
are not due to gamma rays whose 
full energy is between the speci­
fied channel limits, but are due 
to Compton scattering of gamma 
rays of higher energy. To compen­
sate for this, fractions of the 
counts in the high energy channels 
are subtracted from those in lower 
energy channels. 'T'\",,,~-. &_,,_ .. ..: __ _ 

~ll"'~'" ...... Q.\".'-.&.VU;;), 

(stripping ratios) were calculated 
for the detector system used and 
are constants in the program. 
These stripping ratios are used by 
the program to give the net counts 
in the photopeak associated with 
full energy gamma rays. These 
counts are converted to counts per 
minute and the ratios uranium/ 
potassium, thorium/potassium and 
uranium/thorium are then calcula­
ted. 

These results, together with the 
time after commencing the run are 
then typed out. In cases where 
there is not time to print out the 
results live they are stored and 
typed out at the completion of the 
run. 



A typical set of results is 
shown in Figure 6. The printout 
gives the net count-rate in photo­
peaks associated with the radioactive 
decay of potassium, uranium and 
thorium. In this analysis potassium 
is identified by the 1.46 MeV gamma 
ray from potassium 40. The presence 
of uranium and thorium is correlated 
with the presence of gamma rays from 
their daughter products 4 , i.e. 1.76 
MeV from bismuth 214 and 2.62 MeV 
from thallium 208. 

The ratios of the count-rates 
are also calculated and included in 
Figure 6. The table represents a 
profile of the count-rates that are 
obtained by flying at 500 feet over a 
test strip. The fluctuations in the 
count-rates correspond to features 
of geological interest. These fluct­
uations are more pronounced when 
flying at low altitudes since the 
detector "sees" a greater area from 
higher altitudes. Figure 7 shows the 
count-rates from potassium and urani­
um as a function of distance along 
the test strip. This is an actual 
photograph taken from the CPD 233 
display. 
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FIGURE 7 

POTASSIUM (ABOVE) AND URANIUM (BELOW) COUNTRATES 
AS A FUNCTION OF DISTANCE ALONG TEST STRIP AT ELLIOT LAKE 

Scale: 50 ft./interval 
200 counts/minute. 
100 counts/minute. 
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THE PDP-9 SYSTEM AT THE UNIVERSITY OF MANITOBA CYCLOTRON 

L.W. Funk, J.V. Jovanovich, R. Kawchuck, R. King, J. McKeown 
C.A. Miller, D. Peterson, D. Reimer, K.G. Standinr), and J.C. Thompson 

Department of Physics 
University of Manitoba 

Winnipeg, Manitoba, Canada 

Abstract 

A PDP-9 system and its on-line uses in the following 
experiments are described: (1) measurement of p-p brems­
strahlung cross sections using wire chambers with magnetic 
core readout; (2) measurement of relative abundance of 
certain mass isotopes using a Nier type mass spectrometer; 
and (3) simultaneous recording of two 64 x 64 channel pulse 
height spectra using one analogue to digital converter. 

Introduction 

The computer system at the Univer­
sity of Manitoba 50 MeV cyclotron has 
been designed around a PDP-9 linked 
to an IBM 360/65 by a high speed 
interface. The PDP-9 is located in 
the control room of the cyclotron 
building and is interfaced to the 
experimental equipment situated in 
the cyclotron experimental room or 
elsewhere in the physics building; 
the IBM 360/65 is located at the 
University Computer Center about 
1900 feet away. The role of the two 
computers is complementary. The prin­
cipal role of the PDP-9 is to control 
the experimental equipment, to col­
lect and pre-process data, to output 
the results, and/or to send them for 
further processing to the 360/65. The 
360/65 computer will then operate on 
the data, output large volumes of re­
sults on a high speed printer, mag­
netic tape and/or disk, and/or return 
the results to the PDP-9. In general, 
the big computer will be processing 
data using FORTRAN programs while the 
PDP-9 will be using mainly assembler 
language programs. The types of out­
puts provided by the PDP-9 end of the 
system are basically only those which 
the physicist needs immediately for 
the control of the experiment he is 
performing. An oscilloscope display 
(DEC TYPE 34), a high precision plot­
ter (CALCOMP), and a fast plotter 
(MOSELEY) are available to the phys­
icist besides the standard PDP-9 
equipment. Two DEC tape units are 
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also available for handy storage of 
programs or small amounts of data. 

The PDP-9 part of the system has 
been operational since June 1, 1967 
with the experimental equipment shown 
in Fig.1. The high speed data link 
has not yet been installed. As a tem­
porary measure the data is communi­
cated to the 360/65 using an IBM com­
patible magnetic tape unit (Precision 
Instrument) interfaced to the PDP-9. 
For this reason no discussion of the 
high speed data link is given here. 
Only the PDP-9 part of the system is 
discussed together with three experi­
ments, two of them involving the 
cyc 1 ot ron. 

(A) Proton-Proton Bremsstrahlung 
Experiment. 

In this experiment the use of 
both computers, PDP-9 and 360/65, is 
essential. The most common uses of 
computers in low enerqy nuclear phys­
ics involve storinq of data in the 
form of a statistical sample (pulse 
height spectra

i 
for instance) and op­

erating on it. ) In this experiment 
the computers analyze the individual 
events as soon as they have been re­
corded, and classify them according 
to certain rules, thus making com­
puters an integral)part of the exper­
imental hardware. 1 The event rates 
are of the order of 10-100 per second. 
The PDP-9 requires about five milli­
seconds to process each event, re­
jecting most of them (90-99%) and 



sending the rest (1-10%) to the 360/65 
for further processinq. When the PDP-9 
is not processing events it is plot­
tinq graphs or displaying data on the 
oscilloscope. 

A sketch of experimental equip­
ment, PDP-9 computer and interfaces 
is shown in Fig.2. A 48 MeV proton 
beam from the cyclotron passes through 
a hydroqen gas target 20 cm long. The 
events of interest are those for 
which a proton from the beam collides 
inelastically with a target proton 
yielding a gamma ray. Two outgoing 
protons pass through four wire cham­
bers (WCH1-WCH4) and into two scin­
tillation counters Sl and S2. The 
gamma ray is not detected. Pulses 
from each of the counters are fanned 
out and analyzed for their heights in 
two fast single channel differential 
discriminators (DISC). If the pulse 
heiqhts are in a desired ~ange and if 
they are in coincidence a pulse is 
sent out to: (1) Gate 1 which closes 
the fast electronics, thereby stop­
pinq the data takinq. (2) A high volt­
age pulser driver which in turn 
triggers the wire chambers via a set 
of high voltage pulsers. (3) Gate 2 
whose role is described below. (4) 
Interface amplifier and timinq cir­
cuits. 

The second pair of pulses from the 
phototubes is sent via 250 feet long 
cables to the control room where they 
are lengthened, their height is dig­
itized in a pair of Nuclear Data 
ADC's, and read into the PDP-9 
accumulator via a standard DEC inter-
T;:lrA r,;:ltA? ()nAne:: ;1Ie::t hAT()V'A thA . ___ .. __ .... _ - _,..,_1.- u--- -_1_'- _"'-
fast pulses have arrived and closes 
as soon as they have passed through 
it, that is, before they are stretched. 
This is done so as to gate out noise 
which comes after the wire chambers 
are sparked. 

The magnetic cores (CORE BOARDS) 
used in the experiment are divided 
into 108 groups of 18 cores each and 
a combination of series and parallel 
readout is employed. 2) The cores of 
each group have a common read wire 
which is also the output lead of a 
core driver circuit. 2 ) Through every 
group of 18 cores the 18 sense lines 
are threaded and connected to 18 
sense amplifiers (modified DEC module 
W520). The outputs of these sense 
amplifiers are fed into a 18 bit buff-
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er which is interfaced in a standard 
way to the PDP-9 accumulator. The 
selection of core drivers is per­
formed in a conventional manner2) but 
with some modifications using a 7 bit 
binary up counter and 3 binary to oc­
tal decoders with an 8, 4, 4 code on 
the 16 select lines to which the in­
puts of the core driver circuits are 
attached. 

The sequence of events following 
a coincidence between SI and S2 
counters is as follows: - The logic 
pulse from the coincidence circuit is 
converted to a DEC logic pulse by an 
interface amplifier and fed into a 
group of timing circuits. Four ~sec 
later, after noise generated by the 
high voltage spark has subsided, the 
core drivers are enabled 2) and a 
binary up counter is cleared. As 50 
~sec must elapse before the core 
drivers can be switched on,a further 
delay is imposed before a signal is 
sent to the interface in the control 
room to set the device flag. This 
flag, when set, causes an interrupt 
in the PDP-9 and an lOT pulse is sent 
to the 7 bit binary up counter in the 
experimental room. The counter con­
tent is decoded to supply a unique 
set of three inputs to the first core 
driver. The sense signals appearing 
on the 18 sense lines are amplified 
and sent to the 18 bit buffer. There, 
under program control, these 18 bits 
of information are stored into com­
puter memory and another pulse is 
sent to the binary counter. This 
sequence is repeated until all 108 
groups of cores are read out and 
e::t()V'orl ;nt" mom""'\1 Tho ,..."mn,,+oV' +ho .... 
- .... ....,."""'_ I II v"'"" 1I1""IIIV1Je 11110.. ,""VIl1pY""'-1 .... 11\...11 

operates on this information from the 
cores usinq specially written soft­
ware. When the computer becomes again 
able to accept another event, an 
lIanalysis done" pulse is sent from 
the PDP-9 to a 2 bit counter which 
opens Gate 1, provided this counter 
has already received a pulse signal­
ling wire chamber recovery. (This 
last pulse is produced by delaying 
the coincidence pulse for a pre­
selected time.) If the IIwire chamber 
recoveryll pulse arrives after the 
lIanalysis done ll pulse, the former is 
the one which opens Gate 1. 

The procedure for reading out 
and decoding cores used in this ex­
periment is different from those used 
previously.2) Here the raw information 



from the cores is stored directly 
into computer memory and further 
decodinq is done by software. The 
qain is mainly in economy and flexi­
bility as one does not require a 
relatively expensive shift-register. 
The disadvantaqe is that this pro­
cedure requires more computer time 
and is in general slower. 

Software for the p-p bremsstrah­
lunq experiment was written to inter­
leave storinq and processinq of ex­
perimental data, displaying it on the 
oscilloscope, plotting on CALCOMP 
plotter, or outputting on the tele­
type. Presently, all the devices are 
connected to the program interrupt; 
further improvements will include the 
use of automatic priority interrupt 
facility. 

A flow chart of the present soft­
ware is shown in Fig.3. After start­
inq and initializing for a given 
cyclotron run, the program turns the 
interrupt on and opens Gate 1 (see 
Fig.2) which is equivalent to turning 
the fast electronics on. Afterwards, 
the program jumps into a display 
routine displayinq on the oscilloscope 
some histograms. The selection of 
histrograms is made by the experimen­
ter who communicates hi~ requests to 
the computer via the teletype. When a 
program interrupt is received a jump 
to a program interrupt service rou­
tine is executed. After the servicing 
of a particular device has been 
finished, the program interrupt is 
turned on again and the computer 
returns to the display routine. The 
order in whi ch external devi ces are 
tested for causing an interrupt is 
given in Fig.3. The servicing of 
plotter, paper tape punch or teletype 
is so arranqed as to allow these slow 
mechanical devices to be operated at 
essentially their full speed. The 
time used by these devices to phys­
ically move their mechanical parts is 
used by the computer to service wire 
chambers or to display histrograms on 
the osci 11 oscope. As only 1% of com­
puter time is used in servicing the 
CALCOMP, and plotting of some exper­
imental information may take a long 
time, the CALCOMP is given higher 
priority than the wire chambers them­
selves. This enables us to plot data 
from a preceding run while collecting 
new data. The oscilloscope display 
routines are organized differently. 
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The histograms are displayed in their 
current form so the experimenter is 
able to follow their growth. 

The details of the wire chamber 
service routine are not described 
here as they are of no general inter­
est and are still subject to changes. 
The wire chamber service routine has 
a provision for writing raw data 
(data as received from ferrite cores) 
onto a DEC tape. This data can then 
be read off-line back into the com­
puter and reanalyzed using a slightly 
modified program. The preprocessed 
and selected events are written on an 
IBM compatible magnetic tape so that 
they could be further processed on 
the 360/65. After the data link 
between PDP-9 and IBM 360/65 becomes 
operational, the data will be sent 
directly to the 360/65. 

(B) Measurement of Mass Ratios. 

As shown in Fig.4, the PDP-9 was 
used on-line in an experiment whose 
objective was to measure relative 
abundance of certain isotopes with a 
Nier type mass spectrometer (in par­
tic u 1 arC 1 2 0 1 6 0 1 8 / C 1 2 ol 6, K r 8 2 / K r 8 6 , 

Hg200/Hg202). The sequence of opera­
tions is the following: The spectro­
meter magnet current is adjusted to 
a certain value so that one type of 
ions (say Kr 82 ) is transmitted 
through the instrument. The ions 
entering an electron amplifier gen­
erate pulses which are amplified and 
counted in a 10 megacycle scaler for 
a presel ected time i nterva 1. At the 
end of the counting cycle, an RC 
timer raises a flag and signals the 
PDP-9 to stop the scaler and store 
its contents in memory. Then an I/O 
pulse is issued which sets a flip­
flop which changes the magnet current 
via a relay so that the second kind 
of ions is accepted in the ion coun­
ter. After a 5 second delay allowing 
transients to settle, the scaler is 
cleared and restarted with the RC 
time r. 

After completion of a specified 
series of magnet cycles the data 
taking is stopped. The program then 
calculates the quantities of interest 
(ratio of individual scaler readings, 
standard deviations and their average 
values, etc.) and lists them on the 
teletype. 



The advantages of the system 
described above over those commonly 
used in mass spectroscopy experiments 
are: (1) Low cost (assuming the com­
puter is available free of charge). 
(2) The conventional digital to 
analogue and then back to digital 
conversion is avoided. (3) Flexibil­
ity, good prospects for the measure­
ment of extreme abundance ratios like 
He 3 /He 4 which is of the order of 
-10- 6 • 

(C) Application to a A(p,2p)B 
Experiment 

The PDP-9 is being .used to control 
a number of peripherai devices in the 
real-time correlation and listing of 
data produced by analogue-to-digital 
converters and coincidence circuits. 
A major experimental problem when 
counting coincidences between two 
particle-identifying devices is ob­
taining an accurate sample of the 
number of chance coincidences. Use of 
the computer enabled the simultaneous 
accumulation of both real events and 
a sample of random coincidences, 
using only one pair of ADCls. Thus, 
the problem of exact equalization of 
the gains of two sets of ADCls is 
eliminated. Two fast coincidence cir­
cuits are used to gate the entire 
system input to the ADCls. One of 
them gates a sample of random events 
since its inputs are deliberately 
delayed with respect to one another. 
In order to label these random events 
as such, the coincidence circuit 
supplies a logic pulse to the com­
puter. In the present state of imple­
mentation, this is done throuqh the 
light pen interface. . 

Since the counting rate of the 
ADC output is so low in this experi­
ment, it is possible to list all 
events with their real-random labels 
on the teletype and paper tape punch 
as they occur. Also, since each event 
is a point in a two-dimensional plot 
of the energy of one particle versus 
the energy of the other, the events 
are concurrently plotten on a Moseley 
X-V point plotter. This plotterls 
interface is also improvised; its 
analogue signals are taken directly 
from a CRT scope interface, its IIseek 
pul sell is taken from the interface to 
a Calcomp incremental plotter and 
when it is used for plotting spectra 
off - 1 i n e, its 11 P lot P u 1 sell i s fed i n-
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to the light pen interface. 

A possible disadvantage of the 
very low counting rate, other than 
the obvious one, is the risk of para­
lysis of some component of the elec­
tronics system feeding the computer. 
A facility to overcome this was pro­
vided in the software by allowing 
the periodic transmission of pulses 
through the system, simulating. real 
events in a high energy data region 
unpopulated by real or chance events. 
When this facility is enabled, the 
absence of one of these periodic 
artificial events is signalled by the 
computer on the teletype. 

The software for all the above 
was obtained through additions to the 
Dual Parameter AC Mode Multianalyzer 
Program supplied by D.E.C. In this 
way the interrupt handling, data 
manipulation and storage facilities 
provided by this program could be 
fully utilized. Additions were also 
made to the Single Parameter Multi­
analyzer Program which permitted use 
of the light pen, Moseley plotter and 
reading or punching paper tape in IBM 
code. Also, more versatile CRT scope 
display routines were provided. 
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TRACK FOLLOWER - A SYSTEM FOR BUBBLE 
CHAMBER TRACK RECOGNITION 

James P. Taylor 
Massachusetts Institute of Technology 

Cambridge, Massachusetts 

Abstract 

Track following is a major pattern recognition problem 
in the automatic scanning of bubble chamber film. With the 
PEPR device controlled by a PDP-6, track following is done 
in real time. Both the film and the computer are used as 
storage for track data. Each track is followed one view at 
a time and the resulting data must meet certain require­
ments (e. g. continuity) to be accepted. Pattern recognition 
problems arise from close lying tracks, and from small 
angle-crossing tracks. 

Introduction 

The problem which project PEPR at 
MIT /LNS has undertaken is the automatic 
encoding of bubble chamber film. Our 
configuration consists of the PEPR hard­
ware controlled by a PDP-6. The "6" has 
16 fast AC' s, 48 K, 6 DEC tapes, 3 mag­
netic tapes and a type display scope. The 
programs take 14 K of core while storage 
U9ffi another 14 K. The remaining core is 
available and is used for 1-0 limited time 
sharing. This paper is a discussion of the 
methods used to filter tracks from back­
ground data. This technique is called at 
PEPR track following. 

Automatic encoding requires that at 
some level the problem of pattern recogni­
tion of tracks be solved. This problem is 
solved in different ways by the users of 
the various automatic scanning devices in 
use. At PEPR we have decided, due to the 
nature of the PEPR device, to allow the 
film to act as a data store. The film can 
be randomly accessed by the hardware 
under computer control. Using appropriate 
techniques the data for the tracks is 
gathered one track at a time. 

The PEPR Device 

The signal source of the PEPR device 
is a 4096x 4096 precision cathode ray tube. 
The electron beam can be defocus sed into 
a line segment by diquadrapole magnetic s. 
Both the orientation (cJ» of the line and its 
length can be varied by the program. The 
line (or spot) can be swept in either the 
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+x or +y direction about anyone of the 
r8ster position. The maximum sweep 
length in the low precision pattern recog­
nition mode (PR-IO x 10- 6 m least count) 
is 2.5 mm. In the precision encoding 
mode (PE-1 x 10- 6 m least count) the 
sweep length is .25 mm. Track follower 
uses the PR mode of operation. 

The device enables one to encode a 
35 mm frame with the line (PR mode) in 
35 -45 seconds depending on the density of 
information on the film. This x, y, cJ> 

data when displayed is a representation of 
the frame in que stion as it is seen by the 
hardware. 

Point Guidance 

PEPR is running under a system 
called point guidance (PG) in which one 
reference fiducial, the vertex, and one 
point per track are pre -digitized by hand 
on image plane digitizers (IPD). This 
IPD information about a frame is trans­
mitted to PEPR on magnetic tape with the 
film one view at a time. Track data from 
PEPR is combined off -line on an IBM 7044 
where the analysis is performed. 

Track Follower 

Locate the IPD Point - The first 
function the track following package is to 
use the IPD information to find the first or 
starting element on the track. The input data 
consists of the vertex of the event and one 
point on each track (the clear -point CP). 



This data is translated, after the fiducials 
have been located, giving the approxiITlate 
location of the event in the filITl plane. 

The CP is used as the first scanning 
position. Any track eleITlents found in this 
region which agree with the input x, y, cP 
(the cP results froITl a vector forITled 
between the vertex and the CP) are assuITled 
to be on the track. These eleITlents (ITlax 2) 
are used as starting points froITl which the 
rest of the track is to be found. The 
requireITlent for the clear point is that it be 
in the clear so that a scan only produces 
one eleITlent at the constructed angle. Due 
to the nature of the PEPR device confused 
regions exist only when there are no hits 
or when hits occur at close angle s, angle s 
less than four degrees, to the expected 
angle. 

The eleITlent found about the CP that 
is close st to it [if ITlore than one are found] 
is used as the first point on the track. FroITl 
this point, using the angular inforITlation in 
the PEPR eleITlent an atteITlpt is ITlade to 
reach the upstreaITl IPD vertex. If the 
vertex is reached the track following is 
considered a success. As ITlany eleITlents 
as can be found are then picked up on the 
downstreaITl side of the CPo 

Linear Phase - The first prediction 
phase is linear. The second sweep position 
is predicted froITl the first using the 
forITlula 

x 2 = xl + R cos cP 1 

Y 2 = Y 1 + R sin cP 1 

R has the value. 25 ITlITl on the filITl and is 
called the step. 

To allow for curvature and other 
uncertainty in the prediction the prograITl 
which deterITlines if any of the eleITlents 
found belong to the de sired track (i. e. are 
close enough to the predicted eleITlent) 
will accept any eleITlent .±. 2 0 froITl cPp and 
.2 ITlITl froITl the x , y. It is essential 
that the CP be in tIfte c~ear. If the re are 
ITlultiple eleITlents found froITl this fir st 
prediction, the systeITl can not pick the 
correct eleITlent since it does not have 
enough inforITlation about the desired track. 
This is one of the liITlitations of a one view 
device which can be overCOITle when ITlore 
than one view is available to the ITlachine. 
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Circular Prediction - Five linear 
predictions are perforITled before a ITlore 
cOITlplicated prediction technique is used. 
A circular prediction is perforITled when 
there are five accepted track eleITlents 
(5 x . 25 ITlITl 1. 25 ITlITl froITl the CP to the 
VTX). Circular paraITleters (radius and 
turning angle) are cOITlputed for the five 
points. The ITlethod used is to cOITlpute the 
paraITleters for each set of three points 
forITled by the end points and one of the 
points in between. These paraITleters are 
then averaged to obtain a value for all the 
points. Using these paraITleters the next 
point on the circle is predicted, using a 
step of I ITlITl. Since the circular predic­
tions allows for curvature the acceptance 
tolerances can be narrowed to + 10 and 
. I ITlITl even though a larger prediction step 
is used. 

If the track is in the clear, following 
continues until the vertex is reached. This 
is deterITlined by sensing on the sign of the 
dot product of a ITlaster vector forITled 
between the CP and the VTX and a running 
vector forITled by the predicted point and 
the VTX. When the sign changes the 
predicted point has past the vertex. Track 
following on that track in the upstreaITl 
direction cease s. 

The eleITlents found are used to 
predict in the downstreaITl (froITl the CP) 
direction. Track following is resuITled in 
this direction until there are no further 
hits or the fiducial volUITle is exceeded. 
The type of prediction tm:l is deterITlined by 
the nUITlber of eleITlents available. If there 
are less than five it is linear. Following 
away froITl the vertex a step size of 1. 25 ITlITl 
is used. 

Vertex Tests - Track following is 
considered a success if the vertex is 
reached. Data ITlust COITle within 3 ITlITl 
longitudinally and 1 ITlITl transversely to be 
accepted as at the vertex. The projected 
trajectory of the track is used for the 
transverse calculation if data stops short 
of the vertex. 

In clear regions track following is 
nearly always successful. Failures are 
caused by are.{s which are confused. What 
follows is a description of the techniques 
used to overCOITle these difficulties. 

Confused Regions - There are several 
types of confused regions which can be 
handled by the track follower. The first is 



a region where there are no hits at the 
predicted point. This is caused by som.e 
hardware -film. contact problem. (e. g. 
insufficient contrast). Track follower 
assum.es that the trajectory which is being 
used still holds and predicts ahead with the 
sam.e step. 1£ no elem.ents are located 
within 4. 5 m.m. of the last found elem.ent, 
scanning ceases. 1£ the following direction 
were toward the vertex this m.ight cause 
the track to fail if no elem.ents were found 
near the vertex. 1£ following away from. the 
vertex, the portion of the track from. the 
cp to VTX and that already found on the 
downstream. side of the VTX is accepted 
and the track is located. 

Tracks which cross at less than 2
0 

and are within. 1 m.m. of each other are 
treated as unresolvable by the track 
follower. A gap is created by the filtering 
routin~ which is treated as a hardware gap. 
The only m.ajor application of this is in 
close lying beam. tracks which are within 
. 1 m.m. of each other. These tracks can 
not be resolved by track follower and are 
rejected at the IPD level. 

At som.e point low angle ( < 3 0
) 

cros sing tracks satisfy the previous dis­
cussion. This situation is solved by 
sensing when two or m.ore tracks are about 
to intersect, but are farther than. 2 m.m. 
from. each other. When two tracks are 
within. 5 m.m. of each other the point of 
inter section is com.puted (a s surn.ing the 
tracks to be straight line s). The distance 
from. the last good elem.ent to this inter­
section is com.puted. Track following 
proceeds at this distance on the other side 
of the intersection. If m.ore than one 
elem.ent is found here all « 4) tracks are 
followed for a fixed distance (10 m.m.). 
These questionable track sections are then 
com.pared to the already accepted section 
of the track using a least squares fitting 
technique. The best fitting section is 
saved. Track following then proceeds in 
the sam.e direction having bridged the 
inter section. 

Sum.m.ary 

The PEPR system. is being operated 
on film. from. the 30" hydrogen bubble 
cham.ber at A. N. L. The film. has an 
incident beam. of n+ at 3.9 BeV/c. Track 
success rates are 85%. Most failures are 
due to faulty input data or tracks which 
have no clear region within 3 m.m. of the 
vertex. Tracks of less than. 5 m.m. on the 
film. also give difficulty at present. PEPR 
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processes 15 -20 events an hour. Program. 
efficiencies in progress should, with no 
changes in technique, up the rate to 50-75 
events per hour. 
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A TUTORIAL ON NUMERICAL ANALYSIS WITH AN 
EMPHASIS ON ERROR ANALYSIS AND PREDICTION 
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Abstract 

Factors of pertinence in the selection and 
use of certain numerica 1 techniques are con­

sidered. Key topics include error analysis in 
numerical integration, matrix manipulation error 

analysis, and error analysis in the design of 
certain elementary function routine s. 

Introduction 
Many day-to-day computer users are 

somewhat casual about the treatment of 
certain classes of errors, e. g. trunca­
tion and rounding error. Both applica­
tions programmer/analysts and software 
writers can be put in this category. The 
cause is probably two-fold- -many were 
never exposed to the topic in previous 
work; many others, however, simply find 
the topic dista steful (for a variety of rea­
sons) and prefer not to think about it. 
This present paper is aimed at anyone 
who falls in either category. 

What Is Numerical Analysis? 

Numerical analysis is both a science 
and an art. As a science, it is con­
cerned with the processes by which prob­
lems can be solved by certain explicit 
arithmetic operations. Sometimes, a 
specific algorithm will be developed. 
Often, it will be necessary to replace 
some quantity which cannot be calculated 
arithmetically (e. g., an integral) by an 
approximation which then permits a solu­
tion to be found. In this case, one must 
concern himself with the errors incurred 
in having used the approximation. 

As an art, numerical analysis is con­

cerned with choosing some "best method" 
from the available problem-solving 
methods. 
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Sources Of Error 
Generally speaking, errors can be in­

troduced into the solution of a problem 
during either the mathematical formulation 
of the problem or during the actual solving 
of the problem. Of particular interest are 
two specific errors which may be intro­
duced during solution, viz. truncation 
error and rounding (or round-off) error. 

Truncation Error 

This error may be caused by the chop­
ping off of a decimal representation after 
some specific number of places, e. g. 
3.1415. It may also be caused by cutting 
off the later terms in some infinite series 
expansion used to afproximate a function, 
e.g. eX=l+x+x /2! + x 3 /3!. 

Rounding Error 

This type of error results when the 
less significant digits of a quantity are 
de leted and s orne rule of correction applied 
to the remaining part, e. g. = 3.14159265. 
... , rounded to four decimals would be 
3.1416. This source of error is due to the 
fact that arithmetic calculations can sel­
dom be carried out with total accuracy. 
Most numbers have infinite decimal repre­
sentations which must be rounded. Even 
when a number can be expres sed exactly by 
a finite decimal representation, division 
may introduce numbers which must be 
rounded and multiplication may produce 



more digits than can be retained in a par­
ticular word length in the computer. 

Numerical Integration 

Quite often, one cannot evaluate a 
definite integral explicitly and use must 
be made of an approximation. An exam­
ple would be the use of 

f(x) =x _ x 3 + x 5 _ x 7 + .. +(_l)n-l x
2n-l 

3 5·2! 7·3! (2n-l) (n-l)! 

as an approximate solution for JX 2 
e -t dt. 

o 
One then faces the problem of how 

many terms to use. 

Truncation Error 

Considering only the truncation error, 
E, associated with the use of n terms of 
the alternate series just seen, reference 
can be made to the first term omitted: 

I E 1< x 2n+ l / (2n+l) (n!). A quick 
check reveals that this sum has a non­
zero digit in the first decimal place. If 
we assume an eight-bit word length, the 
eighth decimal place would be the last 
digit retained and we might choose to 
determine an n such that 1/(2n+l) (n!) 
<. 5 x 10- 8 . We could then say we 
"were accurate to seven places I'. 

Rounding Error 

Considering again the integral of the 
previous section, what happens if we allow 
x to take on bigger values? Defining a 
term r as the ratio of successive terms, 
we find 

r= I (2n-l) 

(2n+ 1) n I N - n 

If we consider the values x = 12 and n = 
143 (i. e., 143 terms in the series), the 
value of the last term is 

2n+l 
12

287 
x 

:-
(2n+ l)n! (287) (143!) 

and we might thereby exceed the range of 
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the sorted floating-point number. It 
should thus be clear that caution must be 
exercised when using a power series ex­
pansion for values of x some distance a­
way from the point of expansion. 

Simpson's Rule, Trapezoidal Rule, 
Parabolic Rule ••• Attributes 

Simpson's rule arises from use of a 
polynomial approximation for the inte­
grand. If we use just two points on the 
integrand and a straight line between them, 
we obtain 

I :CX)dX ~ ~[f(a)+f(b)l + ~;!. f"(£). 
Q. 2, j TZ 

If we get slightly fancier and use three 
points ... 

f~X)dX ~ ~[f(a) + 4 f(b) +£(C)] + ~ S.{: ;(£) 
a. 3 90 . 

Thus for the typical case of h< 1. a and fll 
more or less equal to f(iv), the three 
point version will have the smaller trun­
cation error. 

The tra pe zoida 1 and pa rabolic rule s 
arise by dividing the integration interval 
into a numbe r of s ubinte rva Is, then, re s -
pectively, applying the two-and three­
point versions of Simpson's rule. The 
error terms are as before and the para­
bolic rule typically can be expected to 
have the lesser truncation error: 

... even number of Ilstripsll, f. = f(a+jh), 
J h = (b-a)/n. 

A Stopping Rule 

In a manner generally similar to the 
earlier example, one may elect to solve 

for n in the relation (continued) 



I ~5 max I f(iv) (X)11 E 

where E is arbitrarily specified in a 
manner compatible with the length of 
the stored number. This particular 
relation, of course, is for the parabolic 
rule. When n is determined thusly, we 
know we are on safe ground. 

However, bounds determined in this 
way are likely to be far too large. A 
prudent problem-solver is probably well­
advised to make a concurrent comparison 
of the "present-value" against the "pre­
vious-value", step by step, and shut down 
the computation whenever the value stops 
changing. Perhaps one can stop prior to 
using all n terms (as just calculated in 
the previous re la tion). 

A Surprise with the Newton-Raph­
son Method! 

Several widely used methods may be 
employed to solve trans cendenta 1 equations 
or high-order polynomials. Popular 
methods include the half-interval search, 
Regula Falsi, and the Newton-Raphson 
method. 

Typically, rounding or truncation 
errors are seldom encountered, per ~. 
However, one may occasionally end up 
with a root other than the one sought and 
some caution must thereby be exercised. 

Consider the pair of equations 

~(x, y) = eX -y-l = 0 and fZ(x, y) = xZ+yZ_4= 
O. A quickly drawn sketch shows that one 
root lies near the point (1. 0, 1. 7), the 
other near (-1. 8, -0.8). 

Either of two pairs of relations may 
be used to iterate to the value of a root. 
The first pair is 

Z Z 
and Yk+ 1 = Yk - xk + Yk - 4 

ZYk 

the second pair is 
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and x
k 

y k+ 1 = Y k - e - Yk - 1 
-1 

An initial trial root of (1. 0, 1. 0) 
would appear safe in an attempt to find 
the root lying in the first quadrant. Using 
the first pair of relations, one quickly 
finds this root, correct to three decimal 
places after six interations. One finds, 
however, that use of the second pair of 
relations yields the root in the third 
quadrant after eight iterations -- in 
spite of the fact that the second and third 
iteration x-y values lie "right-next-to" 
the value of the root in the first quadranU 

Approximations of Elementary 
Functions 

Error analysis of Cl numerical result LS 
critical to any computation. Consider 
the Taylor series for the Cosine: 

Cos Lne x = 1- x Z + x 4 _ x 6 + 
2T 41 b1 

+ (-1) n 

the truncation error made by stopping 
the summatLon after a finite number of 
terms LS said to be less than the absolute 
value of the first term neglected. This 
LS true if we keep an Lnfinite number of 
digits for each term. The following 
examples show what happens when we 
do not carry an infinite number of digits 
for each term. 

Cosine(600 + ZN1Y)using Taylor Series 
Seven - Digit (Z':o:~Z 3 -l)Flt. Pt. 1. E- 06 
Degrees 

60. 
4Z0. 

3660. 

CosLne(60 
Nineteen -
Degrees 

60. 
4Z0. 

3660. 

Radians 
1. 04719 
7.33038 

63.8790 

Figure 

Cosine 
+0.500000E+0 
+ O. 5000Z1E+0 
-0. 171618E+Z1 

+ ZN~sing Taylor Series 
Digit Flt. Pt. 1. E-lO 
Radians 
1. 04719 
7.33038 

63.8790 

Figure 2 

Cosine 
+0.499999E+0 
+0.499999£+0 
+0.127083£+09 



We see represented here the effects of 
truncation error and roundoff error. The 
truncation error is caused by truncating 
the infinite series. The roundoff error 
is caused by only carrying a finite number 
of digits in our calculations. As we can 
see by this example, roundoff errors can 
be quite significant. 

We previously said that the trunca­
tion error committed by stopping a sum­
mation after a finite number of terms is 
les s than the absolute value of the first 
term neglected. One way to reduce the 
truncation error is to include more terms 
in the summation. This of course adds 
to the computation time. It also brings up 
another problem. How do we add more 
terms without increasing the problem 
of roundoff errors? This leads us to a 
discus sion of some of the various algor­
ithms that have appeared for computing 
values of several elementary functions. 

Three Approximation Techniques 

The algorithms fall into three main 
groups: iterative, polynomial, and ration­
al. Sometimes a rational and an iterative 
method may be combined for better 
results. The best algorithm for evaluating 
a given function may be dependent on a 
number of factors. Some of these 
factors are: required accuracy, number 
base of the computer, word size, relative 
speed of arithmetic operations, and 
available storage space. 

Iterative Method 

An example of an iterative technique 
is the Newton-Raphson method for finding 
the Nth root. DEC uses six iterations of 
the Newton-Raphson method to calculate 
the square root on the PDP-8. We find 
that by using the linear approximation shown 
in Figure 3 and two iterations of the 
Newton-Raphson method we can obtain a 
relative error of less than 2- 31 . 
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For O. 5~x<1 

rz 
y - ~? 

o 1"===;:;4{i~8 ===+::;~=2===::--

~ 0.59017853 X + 0.41731924 

Figure 3 

Rational and Iterative Method 

If more accuracy is required we 
can use the Pade rational approximation 
shown in Figure 4. Using this method 
with two iterations of the Newton-Raphson 
method we are able to obtain a maximum 
relative error of approximately 2 -41. 

Pade Rational Approximation for Square Root 
(For Binary Arithmetic) 

For 0.25<XSO.5 

1N = 2m ·V 
1X Z Y = 2.533463- 4.829452 

o X+2.l42858 

N = 22m. X 

Figure 4 

Polynomial versus Rational Method 

An example of a polynomial 
approximation is the Chebyshev polynomial 
(see Figure 5) used by DEC in their natural 
log routine for the PDP-8. Figure 6 shows 
how a rational approximation may be used 
to reduce the number of multiplications 
needed to obtain the desired accuracy. 
This reduction in the number of multipli­
cations should result in a reduction in the 
roundoff error and an increase in the speed 
of the subroutine. (For a report on the 
error of certain approximations, see article 
by Fike. ) 

Function: In (1 + x) 
Range: O~x~l 

Approximation: In (1 + x) = alx+a2x2 
/ + ... a8x8 

(for values of constants, see Hastings, 
pg 180) 

Figure 5 



Function: In x 
Range: O. 5 ~x <1. 0 
Approximation: 

2. 
~ 2k+l +L, a2k+l U 
\<.:0 

where U = x -4(2/2 
x +'(2/2 

al = 2.000000815 
a3 O. 666445069 
a5 = 0.415054254 

In x~-ln2 
-2-

Figure 6 

Rational and polynomial approxima­
tions for the other functions used with the 
PDP- 8 FORTRAN System may be found 
in Lyusternik. In many cases the 
rational approximations present rather 
marked improvements over the existing 
approximations. 

Operations with Matrices 

One is often concerned with the 
solving of a set of simultaneous linear 
equations or the inversion of a matrix 
(for one reason or another). The 
applic ible numerical methods break into 
two distinct groupings: exact methods 
and iterative methods. In either case, 
errors can be introduced into the 
solution rather easily if care is not taken. 

Source of Error 

The introduction of errors into the 
solution may occur as the result of the 
inevitable rounding of the figures in the 
course of the computation. This is 
particularly true when the product of two 
numbers, each having a large number of 
significant digits, must be eithe r rounded 
or truncated to fit into the proper word 
length of the stored word. Concurrent 
with this, one may encounter the 
phenomenon of disappearance of significant 
figures during the course of the computa­
tion, as the result of the subtraction of 
two numbers which differ little from each 
other. Often, the computational scheme 
itself must be designed with this 
phenomenon explicitly in mind. 
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Typical Method 

The primary methods used in this 
class of problem are based on the idea of 
"elimination" - - usually the name of 
Gauss or Jordan in somewhere in the 
name of the method. A lthough there are 
several varieties, basically one is 
dealing with row transformations on an 
augmented matrix: 

[A i IJ ............. --.. [I 1 A-I] 
Illustration 

Consider the 2 by 2 matrix A 
wherein all = 2.0 x 10- 10 , a 12 = 2.0, 
a 21 = 4.0, and a22 = 6. O. If we array 
this using the machine representation of 
the numbers. it might look like the 
following "typical" repre sentation 

(
4020000000 
5040000000 

5020000000J 
5060000000 

where the representation 4020000000 
implies 2.0 x 1040 - 50 or 2.0 x 10- 10 • 

A matrix of this type is said to be 
"ill-conditioned" in the sense that it is 
singular with respect to the number of 
significant digits carried by the machine 
during the course of the computations-­
specifically, in this case, aU and a 12 , 
for example, differ by the order of 1010 

which is excessive (and is certain to cause 
trouble) in the assumed 8- bit word used 
herein. 

Several steps of the Modified 
Jordon method depict the trouble that can 
ensue: 

1st stage reduction: .•. 

[

506 - 502 x 504 
402 

502 
::roz 

=(506 - 604 

L 601 

- 504] 502 

501 
402 

-6021 

595J 

... but machine only retains---

[
-604 -602J 
601 595 



2nd stage reduction ... 

595 - 601 x 602 
604 604 

601 x 501] 

-(0 

602 
604 

L-495 
4925J 

-3925 

-501 
604 

and the resulting inverse is seen to be 

E:.£ good: 

[

402 

504 

502] [0 4925J f50l 

506 495 -3925 = 503 

Generally, to avoid this type of 
trouble, one need only swap the position 
of two rows and/or two columns in order 
to place the largest element in the matrix 
into the upper left corner of the matrix. 
This can be done prior to any reduction 
step. One then "unswaps" the final 
resulting matrix in the reverse sequence 
of the swapping -- if at some step, for 
example, rows 1 and 3 were swapped, then 
later columns - 1 and 4, the unswapping 
sequence would be first ~ 1 and 4, then 
columns 1 and 3. 

The placing of the largest element 
into the corner minimizes the chance for 
introduction of error due to there being 
too largp. a nUTnp.rical di.ffp.rp.ncp. bp.twp.p.n 

minuend and subtrahend in later steps. 
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